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especially in cases where there are few prior results to compare. Equally importantly, it is often difficult to extrapolate
the results to different architectures and technologies.
In an attempt to address the issues above, we present
a performance model for two key sparse computational kernels: matrix-vector and matrix-matrix multiplications on FPGAs. The upper bounds on performance are expressed in
terms of the amount of available compute resources, on-chip
memory, and off-chip I/O bandwidth. Dense matrices are a
special case of the model. Previously published results are
also compared. Based on the model, trends for future FPGA
matrix computation performance are extrapolated.
The main contributions of this work can be summarized
as follows:

ABSTRACT
Computations involving matrices form the kernel of a large
spectrum of computationally demanding applications for which FPGAs have been utilized as accelerators. Their performance is related to their underlying architectural and system parameters such as computational resources, memory
and I/O bandwidth. A simple analytic model that gives an
estimate of the performance of FPGA-based sparse matrixvector and matrix-matrix multiplication is presented, dense
matrix multiplication being a special case. The efficiency
of existing implementations are compared to the model and
performance trends for future technologies examined.
1. INTRODUCTION

• A model of the upper bounds for performance of matrixvector multiplication and matrix-matrix multiplication
for dense and sparse matrices;

Dense and sparse linear algebra routines are extensively used
in scientific computing and form the computational kernel of
many applications in domains as diverse as computational
fluid dynamics, optimization, circuit simulation, financial
modelling, graph theory and acoustics.
Due to the importance of this problem, field programmable gate arrays (FPGAs) as compute accelerators for matrix operations have been studied. These designs have been
able to combine parallel floating point operations with high
memory bandwidth in order to achieve higher performance
than microprocessors.
The performance of such accelerators, in turn, depends
on a number of factors: from high-level issues such as the
architecture of the computing device, memory organization,
the schedule of operations and data I/O; to low-level details such as I/O bandwidth, memory bandwidth and integrated circuit technology. Given such complexity, performance metrics are most accurately obtained through the measurement of actual implementations on real hardware platforms.
In spite of the large amount of work involved, this approach only gives a single point in the design space. The implementation quality can therefore be quite difficult to judge,

• Identification and prediction of performance bottlenecks of the matrix primitives in current and future
technologies;
• Application of the model to explore the effects of technological improvements on matrix performance.
2. MATRIX OPERATIONS ON FPGAS
This section summarizes some key prior works on computation and I/O schemes for FPGA-based matrix operations.
These will form the foundation of our model which is described in the next section.
2.1. Dense Matrix Multiplications
Dense matrix multiplications on FPGAs have been studied
for over a decade. In [1], a set of multiply-accumulators
(MACCs) was used for matrix-matrix multiplication. The
result matrix was divided into columns, and each MACC
was responsible for multiple columns of the results. Reference [2] presented a detailed architecture design using the
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same computation scheme. A scheme to minimize I/O operation was also presented to support such computation.
A study of the performance of dot product, matrix-vector
and matrix-matrix operations for dense matrices was presented in 2004 [3]. This study was similar to our work in
that different bottlenecks were identified, past trends analyzed and the performance of future systems extrapolated.
As pointed out in references [3] and [4], the FPGA onchip memory was becoming the limiting factor for floating
point matrix-matrix multiplication because on-chip memory was no longer able to store all data required and generated for the whole multiplication. Block decomposition was
therefore required to divide the multiplication into smaller
block matrix-matrix multiplications. In [5], a square block
decomposition method with efficient on-chip memory utilization and minimum I/O operations was presented.

We are only aware one previous work addressing this
problem [10]. This implementation used a similar computation, I/O and block decomposition scheme to the dense
multiplier design in [5]. Extra circuits were incorporated to
handle the index information of non-zero data elements from
the sparse matrix and to control on-chip memory access.
3. PERFORMANCE MODEL

2.2. Sparse Matrix-Vector Multiplication
Most previous works focused on accelerating sparse matrixvector multiplications as given by y = Ax, where x and y
are dense vectors, and A is a sparse matrix.
In one of the first reported implementations [6], each
result element in y was computed by summing the partial
products via a reduction circuit. Since the parallel multipliers were limited to producing partial results of the same
result element in y, the multipliers were under-utilized in
certain cases leading to sub-optimal compute efficiency.
In [7] and [8], a different computation scheme was used.
Each result element was assigned to a different MACC. When
a MACC finished a data element, the next unassigned one
was allocated, this being repeated until all the results were
obtained. The overall computation efficiency was therefore
improved as none of the MACCs were idle during the computation. Moreover, use of a MACC rather than a multiplier
allowed the final summation step to be eliminated.
In terms of data I/O, all the above designs initially stored
the sparse matrix A in off-chip memory and the dense vector
y on-chip. Non-zero data elements of A were then read in
during the course of computation. In [9], however, it was assumed that both A and y were initially stored on-chip. Similar to previous designs, MACCs were used to carry out the
compute tasks, but in contrast to the previous cases, a highlevel synthesis technique was developed to assign operations
to the MACCs. As a result, the computation of a result element could end up being carried out on different MACCs,
and extra on-chip communications become necessary.

Although the performance of matrix computations on FPGAs depend on numerous factors such as data I/O scheduling, there is fundamental limit on its performance that depends on architectural parameters such as I/O bandwidth
and resource availability. A model that relates theoretical
peak performance to these parameters is developed in this
section. Performance is measured by its throughput, which
is expressed as the number of basic compute operations completed per second, denoted OPS. The data type is not specified as it does not affect the theoretical performance model.
We assume that all input data are initially stored off-chip
and must be loaded onto the FPGA fabric during the operation. Similarly, the results of the computation are written to
off-chip memory. An aggregated bandwidth of b is available
between off-chip memories and the FPGA. Once transferred
to the FPGA, m words of on-chip memory are available for
holding temporary results. For the sake of peak performance
modeling, on-chip memories are assumed to have infinite
bandwidth. Therefore, any compute element may take data
from any memory location at any time.
MACCs are used exclusively as compute elements. Each
MACC is able to complete one multiply-accumulate operation per cycle, and operates at a frequency of f Hz. To construct a MACC on the target FPGA, rmacc units of resource
must be used. Assuming a total of r units are javailable,
k the
r
.
number of MACC units available will be k = rmacc
Without loss of generality, matrices are assumed to be
n × n in size. We denote the density of non-zero elements in
a sparse matrix α, i.e. if the number of non-zero elements is
N and the total number of elements is N , then α = N
N . For
sparse matrices, 0 < α  1, Dense matrices are handled by
α = 1 and are a special case of our sparse model.
Finally, since we are mainly concerned with high performance computations on large matrices, we assume that
n, m  k > 1.
3.1. Compute and I/O-Memory Performance Bounds

2.3. Sparse Matrix-Matrix Multiplication

The performance of an FPGA matrix computation depends
on two important sets of architectural parameters: compute
resources and I/O bandwidth. The amount of compute resources available clearly limits the maximum possible number of operations committed each cycle. We call this the

A sparse matrix-matrix multiplication is given by C = AB
where A is sparse and B is dense. Unlike sparse matrixvector multiplication, very limited work has been performed
to accelerate sparse matrix-matrix multiplication on FPGAs.
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n

computational bound, OPScomp . Since each MACC generates one result each cycle by performing 1 add and 1 multiply operation, the peak performance is:
OPScomp = 2kf.

non-zero element exists is given by βy = 1 − (1 − α) . The
number of output I/O is thus βy n, yielding:
n2
βx n 2
+βy n = αn2 +
+βy n.
µr µc
µr
(5)
To minimize Qio , µr should be maximized by setting µr =
m. As a result, from (3), (4) and (5),


2b
OPSmax = min 2kf,
(6)
cmv


β
where cmv = 1 + α1 βmx + ny .

Qio = (αµr µc + βx µc )·

(1)

Since input data must be read from off-chip memories before any computation can be performed, overall performance
may be also be limited by data I/O bandwidth. Even assuming perfect data I/O scheduling, limited on-chip memory resources dictate the amount of data I/O that can be performed.
We call this the I/O-memory bound:
OPSio =

Qop
·b
Qio

(2)

3.3. Matrix-Matrix Product
The sparse matrix-matrix product is given by C = AB,
where A is an n × n sparse matrix with a density of nonzero data elements equals to α. B and C are usually dense
n × l matrices where 1 < l  n.
Similar to the case of sparse matrix-vector multiplication, independent of data I/O and compute schedule, the total number compute operations is given by:

where Qop denotes the number of compute operations required and Qio denotes the number of I/O operations required. Since the FPGA performance is limited by either
the compute or the I/O-memory bound, (1) and (2) give an
upper bound on performance:


OPSmax

bQop
= min 2kf,
Qio


.

(3)

Qop = 2αn2 l.

The number of data I/O is similarly dependent on the
block decomposition scheme and I/O schedule. Assume that
matrices A, B and C are decomposed into µAr ×µAc , µBr ×
µBc and µAr × µBc sub-matrices respectively. It follows
that µAc = µBr = µs . We assume the on-chip memory is
large enough to hold partial results of one block of matrix C
during the computation, i.e.,

3.2. Matrix-Vector Product
Independent of the data I/O and computation schedule, the
number of compute operations is given by:
Qop = 2αn2 .

(7)

(4)

In contrast, Qio depends on n, as well as the data I/O
schedule, which in turn, is a function of on-chip memory
size m. For large matrices, block decomposition is usually
employed so that the current set of data can fit within the onchip memory. In this work, we assume that A is decomposed
2
into µnr µc sub-matrices of size µr × µc . Correspondingly,
x and y are decomposed into µc × 1 and µr × 1 blocks
respectively for each block matrix-vector multiplication.
In a block matrix-vector product, the number of nonzero data elements read from sub-block Ar,c is αµr µc . The
corresponding sub-vector of x, xc , must also be read from
off-chip memory. Note that this is unnecessary if all the data
elements in the i-th column of Ar,c are zero. The probability
that at least one non-zero element exists in a column of Ar,c
µ
is given by βx = 1−(1 − α) r . Consequently, the expected
number of input data elements needed from xc is βx µc .
In addition, the vector y must be stored to off-chip memory and this consumes data bandwidth. Assuming m ≥ µr ,
it is possible to schedule the compute operations so that the
sub-vector yc is only stored once at the end of the computation. Again, this is unnecessary if all data elements in the
i-th row of Ar,c are zero, and the probability that at least one

m ≥ µAr µBc .

(8)

Qin is the amount of data that needs to be transferred
from A and B. For each sub-matrix of A, αµAr µs elements
of data must be read. If all the data in the i-th column of A
are zero, it is unnecessary to read in the i-th row in the corresponding blocks from matrix B. If the probability of a nonµ
zero column in the sparse block A is βB = 1 − (1 − α) Ar ,
then the expected number of input data elements from the
corresponding block of matrix B is βB µs µBc . The total
2
number of block matrix-matrix products is µArnµslµBc , so
2

Qin = (αµAr µs + βB µs µBc ) µArnµslµBc .
Data output is similar to the matrix-vector product case.
The total number of data output Qout = βC nl, where βC =
n
1 − (1 − α) , and the total amount of data I/O is given by:


α
βB
Qio = Qin + Qout =
+
n2 l + βC nl (9)
µBc
µAr
From (8) and (9), we can see that µs has no effect on
the FPGA on-chip memory utilization and compute performance. Therefore, µs = n should be satisfied to avoid unnecessary I/O. To minimize Qio in (9) subject to (8), the
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Table 1. Summary of matrix multiplication model
Operation

Condition
kf <

MatrixVector
Product

cmv
b

kf >
2kf <

MatrixMatrix
Product

Limiting Factor

b

2kf >

cmv
√
mb
cmm
√
mb
cmm

computation
on-chip memory
and IO bandwidth

j

computation
on-chip memory
and IO bandwidth

j

OPSmax
k
R
· 2f
r
macc

2B
cmv

k

R
·
rmacc
√
MB
cmm

2f

Fig. 1. Left: Sparsity pattern of ‘rajat21’. Right: All-zero
(white) and not all-zero (black) block columns of ‘rajat21’

following block sizes should be chosen:
r
µAr =

βB m
,
α

r
and

µBc =

αm
.
βB

(10)

4.1. Model and Implementation Comparison
For dense matrix-vector and matrix-matrix multiplications,
the reported performance lies within 95% of the model, indicating that the model has good predictability of actual performance. At the same time, the results also show that previously published accelerators have been performing close
to optimality given the architectural constraints of the time.
For sparse matrix-vector multiplication, however, the reported implementation performance reached only 77-80%
of the maximum performance. Moreover, in the case of
sparse matrix-matrix multiplication, the implemented results
ranged from 86% to 125% of the predicted performance.
This unpredictability stems from the fact that non-zero
data elements were assumed to be randomly distributed in
the model, while in practice, data in sparse matrices usually
exhibit relatively regular organizations. As an example, the
input sparse matrix ‘rajat21’ is shown in Figure 1. On the
left it shows the location of non-zero elements in the matrix.
On the right hand side of Figure 1, the black areas represent
the columns in the sparse block with non-zero data, and the
white areas represent zero columns.
According to the assumption that non-zero elements are
randomly distributed, the probability of a non-zero column
in the sparse block is βB = 78%. However, as can be seen
in Figure 1, in actuality it is approximately 40%. Such a regular sparsity pattern reduces I/O operations of matrix B by
about 38% and as a result, the implementation performance
is about 25% better than the model performance.
On the other hand, for input matrices such as ‘appu’ in
the table, the non-zero input data are distributed relatively
randomly. As a result, the implemented results are within
1% of the predicted performance by the model.

In
√ the case when α = 1, βB = βC = 1, and µAr = µBc =
m, showing that a square block decomposition of C gives
the best results. This is consistent with previous works.
Finally, from (3), (7), (9) and (10), we have

√ 
mb
OPSmax = min 2kf,
cmm
where cmm =

q

βB
α

(11)

√

+

mβC
2αn .

3.4. Summary
The performance model for sparse matrix-vector and matrixmatrix products are summarized in Table 1. This table allows one to design and evaluate matrix multiplication accelerators on FPGAs. As an example, consider the design of
a dense matrix-matrix multiplier. If the system I/O bandwidth is a constraint of the design, to ensure maximum
per√
mb
formance, the number of MACCs should be k ≥ 2f
.
4. MODEL EVALUATION
To evaluate the validity of the model, previously published
results on FPGA matrix accelerations are compared against
the performance determined by the model under the same
architectural constraints. The results are shown in Table 2.
Although matrix operation accelerations on FPGAs have
been extensively studied, only a selected subset involving
double precision floating-point are included in the table. Furthermore, to the best of our knowledge, there has only been
one prior work on accelerating sparse matrix-matrix multiplications on FPGAs [10]. An improved version of that design using the optimal block decomposition scheme of equation (10) was used in this study. A total of 26 sparse matrices from the University of Florida Sparse Matrix Collection
were used in the implementation and 3 of the representative
results are shown in Table 2.

4.2. Performance Bounds
The model is useful as a guideline for implementation and
to determine performance bottlenecks. For instance, consider the first row of Table 2. Although the FPGA device
supported up to 21 MACCs, only 4 were used in the implementation. Yet, when the available I/O bandwidth in the
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Table 2. Comparison of model against published results.
Work
[11]
[12]
[13]
[11]

Op.
DMxV

[14]
[4]
[15]
[16]
[6]

DMxM

[7]

SpMxV

[8]
this

SpMxM

FPGA
XC2VP50
XC2V6000
XC2VP30
XC2VP50
XC2VP125
XC2VP125
XC2VP125
XC4VLX200
XC5VSX240T
XC2VP70
Virtex II Pro
Virtex II Pro
Virtex II Pro
XC4VLX200
XC6VLX760
XC6VLX760
XC6VLX760

Sparse
Matrix
radfsky3
lhr11c
garon2
olafu
radfsky3
heart1
appu
rajat21

Size
n
21,200
10,964
13,535
16,146
21,200
3,557
14,000
411,676

Density
α (%)
0.33
0.19
0.2
0.39
0.33
10.95
0.95
0.0011

Performance (GFLOPS)
Impl. Model
ratio
1.355
1.4
96.8%
4.5
4.7
95%
1.79
1.8
99.4%
2.06
2.08
99%
8.3
8.3
100%
6
6
100%
15.6
15.6
100%
4.8
4.8
100%
29.8
29.8
98.7%
2.16
2.79
77%
1.49
1.69
88%
1.64
1.91
86%
1.67
2.02
83%
1.55
1.94
80%
76.13
86.73
86%
37.79
37.85
99.85%
1.63
1.3
125%

MACCs k
Impl. Avail
4
21
16
16
9
9
8
8
24
24
24
24
39
39
12
12
40
40
8
8
8
12
147
147
65
147
3
147

Bandwidth b (GWords/s)
Req’d
Avail
0.7
0.7
0.06
0.07
0.06
2.1
0.17
0.12
0.31
0.4
0.12
0.44
0.75
1.44
1.8
1.05
1.06
0.93
1.06
0.53
1.06
1
1
0.55
0.8
0.8
0.8
0.8
0.8

6

system is considered, it becomes apparent that performance
is limited by a low bandwidth of 0.7 GWords/s.
Similarly, all the reported sparse matrix-vector multiplication implementations were I/O bound.
In the cases of dense matrix-matrix multiplication, all reported implementations were limited by compute resource
availability. The maximum number of MACCs was employed in all cases as a result.
The performance of sparse matrix-matrix multiplication
is dependent on the sparsity of the input matrix. Out of the
26 cases tested, only one input matrix, ‘heart1’, resulted
in a design that is computation bound. The large value of
α = 10.95% caused the design to behave closer to a dense
matrix multiplication. The implementation performance is
about 86% of the model performance, with the overhead being mainly due to the time to store the result matrix C. The
rest of the 26 matrices tested were on-chip memory and IO
bound because of their low sparsity.
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Fig. 2. Matrix-matrix multiplication performance bounds
for Xilinx Virtex series FPGAs.

5. TECHNOLOGY TRENDS

To apply the model, k was defined as the maximum number of double-precision floating-point MACCs implementable with both logic and DSP resources on-chip, and f the
maximum operating frequency of the MACC. m was the
maximum number of double-precision floating-point words
that can be stored using on-chip BlockRAMs. Two cases of
I/O were considered. In the case of using memory as offchip storage, the I/O bandwidth b was defined as the raw
bandwidth of one DDR memory port using the best industrial DDR standard supported by the device at the time of
its release. In the second case, we considered the aggregated raw I/O bandwidth of all user configurable I/O pins
of the device when configured as differential pairs running
at maximum frequency. Finally, we used a large matrix size
of n = 100, 000 in the result. Although this value is appropriate for a sparse matrix, it is too large for dense matrix

Given the peak performance model presented in previous
sections, we are now in the position to investigate the trends
in technology and how they will affect the role of future
FPGA-based matrix accelerators.
To provide a historical perspective of FPGA technology,
the largest device from each generation of the Xilinx Virtex family were used in this study. The computation bound
(OPScomp ) and the I/O-memory bound (OPSio ) for each
device were calculated according to datasheets and implementation results. The theoretical matrix-matrix multiplication performance bounds were then computed according
to our model, and the results presented in Figure 2. In the
same figure, an exponential fit was made to extrapolate into
the future.
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operations. Fortunately, n has little effect on the dense matrix performance model bound.

lems are I/O-memory bound whereas dense problems are
computation resource bound. In the future, however, it is
likely that the performance of matrix-matrix multiplication
will be bounded by I/O bandwidth and the amount of onchip memory. Research to improve in this area is urgently
needed so that increases in logic resources due to Moore’s
Law can be accompanied by comparable increases in I/O
bandwidth and on-chip memory capacity.
In future work, we will extend the model to account for
common sparse matrix types such as banded, triangular, Jordan normal form etc. We will also study higher level linear
algebra operations such as eigenvalue solvers, iterative linear solvers and factorization-based linear solvers.

5.1. Computation Resource vs. I/O-Memory Bound
As shown in Figure 2, whether a design is compute resource
or I/O-memory bounded depends on the sparsity of the input
matrix. This is because, according to (11), the computation
bound, OPScomp = 2kf , is independent of α, while the
I/O-memory bound, OPSio is a strong function of α.
The performance of dense matrix-matrix multiplication
(α = 1) on FPGAs has been compute resource bound over
the past decade. Moore’s Law has meant that an exponential
increase in k has been enjoyed. Beyond technology scaling, increasingly better floating point units that consume less
logic resources and run at higher clock rates have also contributed to the continuous increase in compute performance.
With the amount of FPGA logic resources increasing at
a much higher rate than I/O bandwidth, it is projected that
performance will eventually become I/O-memory bound. In
Figure 2, this occurs around the year 2030. However, the
crossover point may be reached far earlier if, for instance,
the compute units become faster or smaller by incorporating
hard floating-point units in future FPGAs.
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5.2. Sparsity vs. I/O-Memory Bound
An n × n matrix is q-sparse if the number of non-zero elements is qn. In the case of a “1-sparse” matrix (e.g. a diagonal one), it can be seen in Figure 2 that, in the past, performance has been limited by the I/O-memory bound. Based
on the analysis in the previous subsection, the gap between
OPScomp and OPSio will widen in the future.
The tradeoff between compute and I/O-memory bound
approaches that of a dense matrix computation as q increases.
Take the case of q = 50, i.e., α = 0.05% as an example. The
performance of sparse matrix multiplications has been computation resource bound until approximately 2005. Since
2006, it has become I/O-memory bound.
Currently, I/O performance is the limiting factor for both
matrix-vector and sparse matrix-matrix multiplication. Performance improvements may thus be achieved through the
use of multiple DDR memory ports or high speed serial I/Os.
Progress in I/O performance will also delay the crossover
point for dense matrix-matrix multiplication.
6. CONCLUSION
An analytical model which relates FPGA-based dense and
sparse matrix multiplication performance to architectural and
system parameters was described and its output shown to
closely match that of previously published designs.
Performance estimates for future technologies were extrapolated. It was shown that currently, very sparse prob-
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