A Microcoded Kernel Recursive Least Squares Processor Using
FPGA Technology
YEYONG PANG, SHAOJUN WANG, YU PENG, and XIYUAN PENG,
Harbin Institute of Technology

NICHOLAS J. FRASER and PHILIP H. W. LEONG, The University of Sydney

Kernel methods utilize linear methods in a nonlinear feature space and combine the advantages of both.
Online kernel methods, such as kernel recursive least squares (KRLS) and kernel normalized least mean
squares (KNLMS), perform nonlinear regression in a recursive manner, with similar computational requirements to linear techniques. In this article, an architecture for a microcoded kernel method accelerator is
described, and high-performance implementations of sliding-window KRLS, fixed-budget KRLS, and KNLMS
are presented. The architecture utilizes pipelining and vectorization for performance, and microcoding for
reusability. The design can be scaled to allow tradeoffs between capacity, performance, and area. The design
is compared with a central processing unit (CPU), digital signal processor (DSP), and Altera OpenCL implementations. In different configurations on an Altera Arria 10 device, our SW-KRLS implementation delivers
floating-point throughput of approximately 16 GFLOPs, latency of 5.5μS, and energy consumption of 10−4 J,
these being improvements over a CPU by factors of 12, 17, and 24, respectively.
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1. INTRODUCTION

In machine learning, traditional linear prediction techniques are well understood, and
methods for their efficient solution have been developed. However, many real-world
applications are better modeled using nonlinear techniques, which often have very
high computational requirements. Mercer kernel techniques utilize linear methods in
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a nonlinear feature space and combine the advantages of both. Such kernel methods are
considered one of the major advances in machine-learning research [Friedman 2006;
Wu et al. 2007]. Commonly used kernel methods include the support vector machine
(SVM), Gaussian processes, and regularization networks [Scholkopf and Smola 2001].
These are batch based, and a global optimization is conducted over all input exemplars to create a model. In contrast, online methods, such as the kernel normalized
least mean square (KNLMS) [Richard et al. 2009] and kernel recursive least squares
(KRLS) algorithm [Engel et al. 2004; Van Vaerenbergh et al. 2006], update the state
in a recursive and incremental fashion upon receiving a new exemplar. Although not
as extensively studied as batch methods, online approaches are advantageous when
latency is critical.
We believe that reconfigurable computing, the application of field-programmable
gate arrays (FPGAs) to computing problems, will prove to be an enabling technology for
applications where minimal response time is critical. In this article, it is demonstrated,
for the first time, that a combination of 16 GFLOPs performance with 5.5μS latency
using 10−4 J can be achieved in a soft processor. A crucial factor is that FPGAs allow the
data converters and/or network interface controller to be tightly integrated with highspeed processing, giving single-chip online implementations an order of magnitude
improvement in power, size, throughput, and latency over stored-program technologies.
As examples, it can lead to improved speed in predicting events in a wide variety of
application domains including algorithmic trading [Lockwood et al. 2012], diagnostic
and prognostic monitoring of machines [Jardine et al. 2006], and electricity blackout
prevention [Makarov et al. 2005].
Kernel algorithms are based on linear algebra operations, which can be implemented
efficiently on all types of computing technology including microprocessors, vector processors, FPGAs, and very large-scale integration (VLSI) technology. In this article, we
propose a microcoded architecture for a kernel processor that combines high performance, low latency, and programmability at the microcode level. While the present
work focuses on an FPGA implementation with a customizable data path and microcode, the architecture is adaptable to a higher-performance but less flexible VLSI
implementation. The contributions of the work include:
—A novel scalable, pipelined vector processor architecture for kernel methods, which
has advantages in terms of reusability, extensibility, and performance over a straightforward hardware description language (HDL) design approach.
—The first reported FPGA-based online kernel methods implementation. To the best of
our knowledge, at 5.5μS, this implementation has the lowest latency of any reported
kernel method to date.
—Results describing the performance, latency, power, and area of the design in terms of
prediction accuracy and performance, and a detailed performance comparison with
central processing unit (CPU), digital signal processor (DSP), and Altera OpenCL
implementations.
Domain-specific processors such as the one described herein enable high performance without the need to be familiar with reconfigurable computing. Compared with
high-level synthesis tools, different algorithms can be implemented without a timeconsuming resynthesis and implementation step by simply changing the contents of
microcode memory. This article is an extended version of Pang et al. [2013], which
described a similar processor. Improvements presented here include instruction execution pipelining leading to a greatly improved clock rate, a more thorough description of
the processor including design tools, configurable precision, OpenCL comparison, lowlatency external peripheral support, implementation results for a more recent FPGA,
and extension of the examples beyond sliding-window KRLS.
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The remainder of the article is organized in the following manner. In Section 2,
the kernel algorithms are described. The proposed architecture and implementation
are introduced in Section 3, and an analysis of its performance, power consumption,
and latency is given in Section 4. Conclusions are drawn in Section 5. Algorithmic
descriptions of fixed-budget KRLS and KNLMS are provided in the appendix.
2. KERNEL-BASED MACHINE LEARNING

Linear regression is commonly used in many machine-learning problems. In the case of
online learning, the recursive least squares (RLS) algorithm provides a computationally
efficient way to perform linear regression. For nonlinear machine-learning problems,
the RLS algorithm can be modified to make use of a kernel function. The resulting
KRLS algorithm provides a computationally efficient means to apply online learning
to nonlinear processes.
In this section, a concise summary of the linear regression, RLS, and SW-KRLS algorithms are given. Fixed-budget KRLS (FB-KRLS) and KNLMS were also implemented
and compared for our processor. Their descriptions are given in Appendix A.
2.1. Linear Regression

Let X = [x1 , x2 , . . . , xn]T ∈ R N×M be the input training set of N observations of dimension M, and the target be y ∈ R N . Linear regression attempts to find the optimal
vector h ∈ R M that minimized the following cost function: J(h) = y − Xh22 . If (XT X)
is nonsingular, a direct solution can be computed for h as follows:
h = (XT X)−1 XT y.

(1)

The dual representation can be obtained by premultiplying Equation (1) by the identity
N
(XT X)(XT X)−1 to obtain h = XT α, making h = i=1
αi xi a linear combination of the
training set.
For an online problem, not all training data is known in advance and the solution
must be recalculated as new observations are provided. The RLS algorithm provides
a direct and computationally efficient, O(M2 ), solution for h for every new sample,
without needing to recalculate the matrix inverse. It uses the Matrix Inversion Lemma
A−1 x xT A−1
[Higham 1996], (A + xnxnT )−1 = A−1 − 1+xTnAn−1 xn , where xn is the latest vector of
n

T
observations and A = Xn−1
Xn−1 , where Xn−1 is given by Xn−1 = [x1 , x2 , . . . , xn−1 ]T .

2.2. Kernel Regression

A common way to adapt linear regression to nonlinear problems is to apply a nonlinear
mapping, (x) ∈ R M → F, to the input data. Linear regression can then be applied to
this new data to find h̃. The KRLS algorithm, described in Engel et al. [2004], uses
the “kernel trick” to compute an inner product in the feature space without explicitly
computing the feature vectors.
T
Let K = X̃X̃ be the kernel matrix where Ki, j , the entry corresponding to the i th row
and j th column of the kernel matrix, is given by the kernel function, κ(xi , x j ). With this
new representation, the cost function can be rewritten as J(α) = y − Kα22 , where α
is an N × 1 vector of weights.
x −x 2
A common kernel function is the Gaussian kernel, κ(xi , x j ) = exp(− i2σ 2 j 2 ). Other
kernel functions include the polynomial kernel, the hyperbolic tangent kernel, and
the Laplacian kernel. Anguita et al. [2007] used a modified Laplacian kernel, given
by κ(xi , x j ) = 2−γ xi −x j 1 , since it can be implemented efficiently in hardware. The
Gaussian kernel is used throughout this article.
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Fig. 1. Pseudocode: a training step for the SW-KRLS algorithm.

The minima of J using the dual representation is given by α = K−1 y. A problem with
many kernel-based machine-learning functions is that the computational complexity of
these algorithms scales superlinearly with the number of training samples [Engel et al.
2004]. Traditionally this has limited their use for online machine-learning applications.
The KRLS algorithm uses a recursive method to compute K−1 efficiently for each new
sample with a computational complexity of O(N 2 + NM).
There are several methods for minimizing the computational cost of the KRLS algorithm. Most methods attempt to represent all of the training set using a small subset
of training samples, referred to as the dictionary. In Engel et al. [2004], a sparsification
procedure is employed to prevent any samples from being admitted to the dictionary set
if they can be represented by linear combinations of the previous samples. This helps
to reduce the computational complexity but does not bound the computational requirements. The SW-KRLS algorithm [Van Vaerenbergh et al. 2006] and the FB-KRLS algorithm [Van Vaerenbergh et al. 2010] set a limit, N  , to the number of training samples
that can be stored in the dictionary, enforcing a bound on the computation cost.
2.3. Sliding-Window KRLS

The SW-KRLS algorithm removes any training samples that are not in a fixed time
window, N  . Given a stream of input/output pairs, {(x1 , y1 ), (x2 , y2 ), . . . }, at training
sample n, the input matrix becomes Xn = [xn, xn−1 , . . . , xn−N +1 ]T and the output vector
becomes yn = [yn, yn−1 , . . . , yn−N +1 ].
In order to calculate α n, the nth estimate of the weights, the inverse kernel matrix,
−1
−1
Kn , must be calculated. Kn−1 can be calculated using Kn−1
, Xn, and xn−N . K̂n−1 can be
calculated using


−1
−1T
−1
(I + knknT Kn−1
g) −Kn−1
kng
Kn−1
−1
K̂n =
,
(2)
−1
−(Kn−1
kn)T g
g
−1
kn)−1 ; and
where kn = [κ(xn−N , xn), ..., κ(xn−1 , xn)]T ; g is given by g = (knn − knT Kn−1
knn = κ(xn, xn) + c, where c is a regularization constant. K−1 is then calculated as
follows:

Kn−1 = G − ff T /e,

(3)

T

where G, e, and f are given by K̂n−1 = [ ef fG ], and G is an N  × N  matrix, f is an N  × 1
vector, and e is a scalar. α n is then calculated as α n = Kn−1 yn.
The SW-KRLS algorithm removes the oldest training pair from its dictionary when
a new sample is encountered, allowing it to track nonstationary processes. Psuedocode
for the SW-KRLS algorithm, derived from Van Vaerenbergh et al. [2006] and Van
Vaerenbergh [2012], is provided in Figure 1. The corresponding number of arithmetic
operations for SW-KRLS with a Gaussian kernel are summarized in Table I. This value
is 7.5N 2 + (3M + 31.5) × N + 3M + 31 for training and N 2 + (3M + 21) × N − 1 for
ACM Transactions on Reconfigurable Technology and Systems, Vol. 10, No. 1, Article 5, Publication date: September 2016.

A Microcoded Kernel Recursive Least Squares Processor Using FPGA Technology

5:5

Table I. Arithmetic Operations for the SW-KRLS Algorithm
Operation

Add/Sub

−1
Calculate K̂n−1
from Equation (2)

Calculate

Kn−1

Multiply

(N + 1) × (2M − 1) + 1 (N + 1) × (M + 1)

Calculate kn and knn
from Equation (3)

Calculate α n using α n = Kn−1 yn

Divide Exponential
0

N+1

2N 2 + 1

2.5N × (N + 1)

1

0

0.5(N + 1) × (N + 2)

0.5N × (N + 1)

N

0

N × (N − 1)

N2

0

0

Fig. 2. Vector processor block diagram.

evaluation. Since floating point is used in the processor, the total number of floatingpoint operations is
FLOP = 8.5N 2 + (6M + 52.5) × N + 3M + 30.

(4)

The algorithms described in this article, along with previous works [Van Vaerenbergh
et al. 2006, 2010], use a regularization parameter to help prevent overfitting. With
regularization, the cost function becomes
J  (h̃) = y − X̃h̃22 + ch̃22
J  (α) = y − Kα22 + cα T Kα,

(5)

and the solution becomes α = (K + cI)−1 y, where I is the identity matrix.
3. ARCHITECTURE
3.1. System Overview

Our vector processor is a scalable floating-point processor that utilizes singleinstruction multiple-data (SIMD)-style execution to operate upon vectors. The number
of parallel arithmetic logic units (ALUs) and the precision are customizable. Figure 2
shows a block diagram of the processor architecture, formed from a program counter
(PC), microcode memory, vector memory, and ALU and peripheral adapter. Microcode
memory is used for storage of the microprogram.
Each independent data path lane includes a vector lane and vector memory. The
targeted FPGA device accommodates up to 128 single-precision data path lanes or 32
double-precision data path lanes, which is larger than previous FPGA-based vector
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Fig. 3. Microcode and vector memory architecture.

processors [Chou et al. 2011]. Since all vector memory is on-chip, as the number of
lanes is increased, the maximum vector memory depth is reduced [Yiannacouras et al.
2012].
Since kernel methods typically require a modest amount of microcode memory,
4K×128-bit is sufficient for all the implementations in this article. Most of the code
is completely unrolled so the size of the microcode is very close to the number of machine cycles in Figure 6(a). An external memory interface is not included, and vector
memory is directly connected to the ALU. There are two kinds of ALUs in the vector
processor. ALU 1 to ALU (N-1) are called homogeneous ALUs and support multiplication, addition, subtraction, comparison, and absolute value. ALU 0 is a heterogeneous
superset that additionally supports exponentiation, square root, division, and adder
tree operators.
3.2. Memory Interface

A vector scratchpad memory, as introduced in VEGAS [Chou et al. 2011] and
VINCE [Severance and Lemieux 2012], is employed to reduce load/store operations
from memory. Both input and output ports of the vector memory and microcode memory are registered to get the maximum frequency. The microcode memory directly
drives the vector memory to eliminate the need for address registers [Yu et al. 2009].
In the current implementation, Altera Embedded Memory Blocks [Altera 2016c] are
used for all memories. As illustrated in Figure 3, microcode memory is configured as
a 4K×128-bit single-port ROM memory and utilizes 32 M20K block memories. As the
vector processor supports single- or double-precision floating point, the data width can
be 32 or 64 bit. The capacity of each vector scratchpad memory is 2,048×32/64 bits,
constructed from 4/8×M20K block memories.
The vector memory is used to store all intermediate data and constants. In our
implementations of kernel methods, the kernel matrix, its inverse, and other variables
are stored in the range 0x0000 to 0x03FF; temporary outputs from the ALU are stored
in a region from 0x0400 to 0x7F3; vector memory is initialized in the bitstream; and
the remaining 12 words of the memory are used to store constant vectors.
3.3. Vector Lane Architecture

Figure 4(a) illustrates the ALU 1 to ALU (N-1) design, and Figure 4(b) illustrates
the additional components that reside in heterogeneous ALU. Each data path lane
includes two vector scratchpad memories, a single- or double-precision floating-point
adder/subtractor, a single- or double-precision multiplier, a single- or double-precision
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Fig. 4. ALU architectures.

comparator, and a single- or double-precision absolute value operator. Lane widths
are limited to powers of 2 to reduce hardware complexity. We chose powers of 2 as
they fit neatly into binary numbers, but arbitrary lane widths could be supported with
minor modifications. In addition to vector add, subtract, and multiply operations, the
architecture supports vector divide, dot product, exponentiation, and square root. All
floating-point operations are implemented using the Altera floating-point arithmetic
library [Altera 2016a] and advanced DSP blockset.
Division, exponentiation, and square root consume more resources than other
floating-point arithmetic modules but are used less frequently; for example, in Stratix V,
a single-precision exponentiation module utilizes nine DSP blocks, while a singleprecision multiplier requires a single one [Altera 2016a]. If exponentiation was included in each vector lane, resource utilization would increase significantly. For this
reason, complex operators are only included in ALU 0. Though the vector exponentiation, division, and square root operations require more cycles to complete, the reduction
in resources allows for more lanes to be implemented, increasing overall performance.
With minor modifications, other functions such as sin/cos, tan/atan, inverse, and log
can be added. Conversely, any unnecessary functional units can be excluded to save
resources.
The scalar-to-vector, vector dot product, and adder tree function units are also implemented in ALU0. The scalar-to-vector function unit shares multiplexers with the
exponentiation and division modules. The vector dot product instruction utilizes a
parallel N input adder tree.
3.4. Peripheral Adaptor

The peripheral adapter implements a low-latency interface to standard bus arbiters
such as PCI Express, USB, UART, or any other custom peripheral such as an
ACM Transactions on Reconfigurable Technology and Systems, Vol. 10, No. 1, Article 5, Publication date: September 2016.
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Table II. Microcode Format
Function
Symbol
Bits

Vector A
Address
A
16

Vector B
Address
B
16

Vector C
Address
C
16

Lane
Index
L
12

Operation
Code
OP
4

Immediate
Data
I
64

Table III. Microcode Instructions (All i , j , and L Indexes Range from 0 to N-1)
Microcode (Opcode)
VNOP (0000)
VADD (0001)
VSUB (0010)
VMUL (0011)
SDIV (0100)
SEXP (0101)
VDOT (0110)
S2VE (0111)
LSET (1000)
Branch If Equal (1001)
VCOPY (1010)
SLOAD (1011)
SMOV (1100)
SSQRT (1101)
SCOPY (1110)
VABS (1111)

Description
No operation
Vector add
Vector subtract
Array multiply
Scalar divide
Scalar exponentiation
Vector dot product
Clone a vector N times
If less than, then set
Conditional branch
Vector copy with alignment
Load a scalar
Move to/from peripheral
Scalar sqrt
Scalar copy
Vector absolute

Function
V Mi [C] = V Mi [A] + V Mi [B]
V Mi [C] = V Mi [A] − V Mi [B]
V Mi [C] = V Mi [A] × V Mi [B]
V ML[C] = V ML[A]/V ML[B]
V ML[C] = EXP(V ML[A])
 N−1
V ML[C] = i=0
V Mi [A] × V Mi [B]
V Mi [C] = V ML[A]
If V Mi [A] < V Mi [B], then V Mi [C] = 1
If V Mi [A] = V Mi [B], M = C
If i < L, V Mi [C] = V Mi [A], Else V Mi [C] = V Mi+1 [A]
V ML[C] = Immedeiate
If A = 0, V ML[C] = InData, Else OutData = V ML[B]
V ML[C] = sqrt(V ML[A])
V ML[C] = V MB[A]
V Mi [C] = |V Mi [A]|

analog-to-digital converter. This allows data to be directly transferred from peripherals to vector memory, minimizing latency.
As illustrated in Figure 2, it has separate input and output FIFOs, which we assume
are directly connected to other hardware devices. The “Full” and “Empty” signals indicate the FIFO status, according to which the peripheral adapter generates appropriate
read and write requests, “Wreq” and “Rreq.” Data can be transferred to/from the FIFOs using the SMOV instruction, as they are also memory mapped. In each training
iteration, an input vector is read from the input FIFO and processed, and the prediction is written to the output FIFO. Peripheral I/O proceeds in parallel with instruction
execution.
3.5. Microcode

The architecture enables the processor to be easily programmed for different kernel
algorithms at both the instruction set and data path levels. The microcode is 128
bits wide, with all vector and microcode addresses being 16 bits. MATLAB code from
KAFBOX [Van Vaerenbergh 2012] was manually vectorized and converted to microcode.
The microcode format is summarized in Table II. “A” and “B” are used to specify their
respective input vector address. The vector memory for the ith lane is represented as
V Mi . Vector address “C” specifies the destination address. The Lane Index “L” is a
12-bit value that specifies the vector memory lane for storing the result of a VDOT
instruction. The opcode is given in the “OP” field and the immediate value field “I”
specifies a floating-point constant that can be loaded to vector memory.
As can be seen in Figure 3, both write ports are driven with the same address and
data signals (Vector ADDR C and Vector Data), so identical data are written to both
ports. Table III describes the function of each opcode.
An assembler has been developed to translate a textual description of a program to binary microcode, which can be directly uploaded to the microcode memory.
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Table IV. Instruction Pipeline Depths on Stratix V and Arria 10
Device
Precision
VNOP (0000)
VADD (0001)
VSUB (0010)
VMUL (0011)
SDIV (0100)
SEXP (0101)
VDOT (0110)
S2VE (0111)
LSET (1000)
Branch If Equal (1001)
VCOPY (1010)
SLOAD (1011)
SMOV (1100)
SSQRT (1101)
SCOPY (1110)
VABS (1111)

Stratix V
Single
Double
1
1
14
16
14
16
12
12
40
68
24
32
12 + 8log2 (N)
12 + 10log2 (N)
7
7
7
7
6
6
6
6
4
4
4
4
35
64
7
7
7
7

Arria 10
Single
Double
1
1
9
22
9
22
9
16
31
53
24
48
9 + 3log2 (N)
16 + 16log2 (N)
7
7
7
7
6
6
6
6
4
4
4
4
18
38
7
7
7
7

Fig. 5. Vector processor pipelining scheme.

Writing software in assembly is straightforward (albeit tedious) since vector and matrix
operations are supported by the processor.
3.6. Pipelining

To maximize the clock frequency, we employ pipelined instruction execution, with microcode instructions requiring a different number of cycles to complete. Table IV shows
the microcode instruction pipeline depths for both Stratix V and Arria 10 devices.
As can be seen in Figure 5(a), the CPU has a four-stage pipelined data path with
instruction fetch (IF), instruction decode (ID), execute (EX), and write-back (WB). Each
lane operates on independent data. The pipeline latency for IF, ID, and WB are fixed
at two cycles, two cycles, and one cycle, respectively. Latencies for EX are instruction
dependent.
Taking the VDOT instruction as an example, the multiplier latency is six cycles,
the adder latency is eight cycles, and the adder tree has 8log2 (N) cycle latency. One
additional cycle is required to pipeline the vector data multiplexer. The latency of the
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execute stage is thus 7 + 8log2 (N) and total latency 12 + 8log2 (N). Performance could
be improved using a parallel accumulator with lower latency (e.g., Sun and Zambreno
[2009]).
For SLOAD and SMOV instructions, access to vector memory is not required and the
ID stage is omitted. One cycle of latency is required by EX so the total latency is 4. For
all the other instructions, the total latency equals the execute stage latency plus five
cycles (IF, ID, and WB).
Data hazards require VNOPs to be inserted because pipeline interlocks are not
implemented. To prevent a read-after-write data hazard, an instruction dependent on
the result of a previous instruction must wait until the computed result is written
back to the vector memory. The top part of Figure 5(b) illustrates pipeline behavior
in this case. The VADD instruction (on the Arria 10) requires six VNOPs to resolve a
read-after-write hazard, and the processor must wait for $3 to be written before it can
be read in the ID stage of the following instruction. The same sequence on the Stratix
V requires 11 VNOPs, demonstrating the advantages of lower latency.
Write-after-write hazards can also occur, as illustrated in the bottom half of
Figure 5(b). Since only one port of vector memory can be written per cycle, an instruction
with a smaller pipeline depth than previous instructions must wait until the previous
write-back stages to finish before moving to its write-back stage. Since VADD requires
two more cycles than VMUL, two additional VNOPs are required to resolve this hazard.
4. RESULTS

An implementation of the KRLS vector processor was made using Verilog Hardware
Description Language (Verilog HDL) and Altera MegaWizard [Altera 2016b]-generated
RTL files. Quartus Prime 16.0 was used for FPGA synthesis, place, and route. Both
single- and double-precision versions of the vector processor were implemented, and
furthermore, the design was written in such a way that key parameters such as the
memory sizes and number of vector lanes can be configured at compile time. The target
platform was an Altera DE5 board populated with a medium size Stratix V 5SGXEA7C2
device. We also report synthesis and simulation results for a newer FPGA, the Arria
10 10AX115N3F45E2 device in an Altera DE5a board, this having a new DSP block
that supports fixed- and floating-point arithmetic [Langhammer and Pasca 2015].
Altera OpenCL implementations of the same kernel adaptive filtering (KAF) algorithms are used for comparison. The host system is an HP workstation, with an Intel
Xeon 5570 CPU running the Windows 7 64-bit operating system. The same Altera DE5
board was connected via a 16-lane Gen2 PCI Express slot. Microsoft Visual Studio 2013
was used to compile the host program and source code pragmas used in OpenCL to
maximize task parallelism. OpenCL was chosen as the comparison point as recent studies have shown that it can generate implementations with comparable performance to
other techniques [Rashid et al. 2014].
The current implementation assumes online input data are present in the input
FIFO, as explained in Section 3.4. Any I/O is supported by using a customized peripheral adapter as described in Section 3.1. The prediction output can be monitored at
the “Output” port of the output FIFO, as shown in Figure 2. Performance is limited by
processing rather than bandwidth as we can obtain new data every cycle but it takes
many cycles to perform a training iteration.
4.1. FPGA Resource Usage

Table V shows resource usage on the Stratix V. The FPGA used features 234K ALMs,
256 DSP blocks (configurable as one 27×27-bit multiplier or two 18×18-bit multipliers),
and 2,560 M20K memory blocks. In the DE5, due to the availability of ALMs and 27-bit
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Table V. Vector Processor Resource Usage
Device
and
Precision
Stratix V
Single
Stratix V
Double
Arria 10
Single
Arria 10
Double

SlidingWindow
Length
15
31
63
127
15
31
15
31
63
127
15
31

ALM (K)
(Used/
% of Total)
24/10%
45/19%
85/36%
162/69%
43/18%
82/35%
7/2%
14/3%
24/6%
48/11%
46/11%
87/20%

M20K Mem
(Blocks Used/
% of Total)
153/6%
281/11%
537/21%
1047/41%
262/10%
486/19%
159/6%
287/11%
543/20%
1055/39%
289/11%
513/19%

DSP Blocks
(Used/
% of Total)
25/10%
41/16%
73/29%
137/54%
100/39%
164/64%
60/4%
108/7%
204/13%
396/26%
116/8%
180/12%

Table VI. Altera OpenCL KRLS Implementation Resource Usage

Precision
Single

Double

SlidingWindow
Length
15
31
63
127
15
31
63
127

ALM (K)
(Used/
% of Total)
90/38%
90/38%
90/38%
90/38%
92/39%
92/39%
92/39%
92/39%

M20K Mem
(Blocks Used/
% of Total)
947/37%
998/38%
1050/41%
1178/46%
973/38%
998/39%
1075/42%
1223/48%

DSP Blocks
(27 Bit) (Used/
% of Total)
36/14%
36/14%
36/14%
36/14%
54/21%
54/21%
54/21%
54/21%

DSP blocks, the maximum number of single-precision lanes that can be supported is
128, and the maximum number of double-precision lanes is 32.
The floating-point cores in the ALUs dominate the area of the vector processor. On the
Stratix V for single precision, a single DSP is required for the floating-point multiplier
in each of the N lanes, and an additional nine DSPs are required for the exponentiation
unit in ALU0. Similarly, memory usage is dominated by the vector memory, which
grows linearly with N. ALM usage is mainly that required to implement the floatingpoint adders in the vector lanes and ALU0 adder tree, plus additional operators and
multiplexers in ALU0. Minimal resources are required for control as it is stored in
microcode memory. In summary, for single precision on the Stratix V, DSP, memory, and
ALM resources scale linearly with the number of vector lanes, N. As would be expected,
going to double precision roughly quadruples the number of DSPs and doubles memory.
Table V also shows the resource usage for the Arria 10, which features 427K
ALMs, 1,518 hardened single-precision floating-point DSP blocks (one single-precision
floating-point DSP block is configurable as two 18×19-bit multipliers), and 2,713 M20K
memory blocks. Note that one additional DSP block is used per lane over the Stratix
V for the single-precision adder. N − 1 additional DSP blocks are used for the adder
tree, and four additional DSP blocks are used for division and square root units. For
double precision, soft logic is used to implement adders, and DSPs are only used in the
multiply and exponential, division, and square root operators.
Table VI shows the resource usage of the Altera OpenCL implementation of SWKRLS, as reported by the Altera OpenCL tool. Increasing sliding-window length
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Table VII. Vector Processor Performance Results

Example
SW-KRLS

FB-KRLS

KNLMS

SlidingWindow
Length
15
31
63
127
15
31
63
127
15
31
63
127

DSP
(Single/Double)
(μS)@1.0GHz
55.6
56.8
199.6
200.8
364.8
366.0
4,475.6
4,732.4
74.0
76.4
249.2
255.6
406.8
409.2
5,642.4
6,057.2
16.8
17.2
36.6
36.0
45.2
45.6
75.2
75.6

CPU
(Single/Double)
(μS)@3.1GHz
1.7
2.0
7.2
7.2
23.8
31.4
113.7
143.6
2.4
3.0
8.8
9.2
25.8
35.4
118.8
152.6
0.8
1.2
1.5
2.3
2.8
4.9
4.9
8.5

OpenCL Kernel
(Single/Double)
(μS)@261.7MHz
88.3
103.3
90.6
105.9
93.8
107.2
99.7
113.6
91.7
109.2
93.5
111.8
97.8
113.0
103.9
121.4
38.3
41.6
39.4
43.2
41.2
45.0
43.0
47.5

Vector Processor
(Single/Double)
(μS)@250.0MHz
3.2
4.8
4.6
6.9
7.4
12.6
3.4
4.9
5.0
7.2
8.0
13.9
1.9
2.5
2.6
3.4
3.6
5.8
-

consumes more on-chip memory but maintains the same ALMs and DSP blocks. Compared with the vector processor, OpenCL always consumes more block memory. For
the largest sliding-window length designs (128 for single and 32 for double), the direct
OpenCL implementation consumes fewer resources than the vector processor.
4.2. Performance Analysis

We compare processing performance for all platforms, over all kernel algorithms. The
CPU configuration is a desktop PC with the following specifications: an Intel Core i52400 CPU at 3.10GHz, 4GB of memory, running Linux Ubuntu 13.10 using GCC version
4.8.1. The DSP configuration is a Texas Instruments TMS320C6678 DSP development
kit running at 1GHz. The MSGQ APIs provided by the SYS/BIOS system are employed
to do multicore communication between the eight-processor core in this KeyStone DSP
processor. Some extra efforts are made to make the original code run faster on this
multicore DSP processor. The vector processor on the Stratix V device uses 250MHz
for the system clock frequency.
Note that an N lane processor is used to implement a sliding-window length of N − 1.
An optimized C code implementation was developed for the CPU and DSP platforms,
and the ATLAS [Whaley and Petitet 2005] library was used for linear algebra. Although
a multithreaded ATLAS library [Whaley and Petitet 2005] was tested, the highest
performance on the CPU was achieved with a single-threaded implementation. We
believe this was because our matrix sizes were too small to benefit from multiple cores
because in our current implementation, vector lengths cannot exceed the number of
lanes.
Table VII shows the vector processor performance on the Stratix V device versus the
CPU, DSP, and Altera OpenCL designs for sliding-window lengths between 15 and 127.
The input vector size was chosen as M = 7. A total of 12 cases were tested for both
single and double precision. For small sliding-window sizes, the CPU outperforms all
other platforms. The vector processor outperforms the CPU and DSP for N ≥ 32 on
SW-KRLS and FB-KRLS, and for the case N = 128, the speedup is 9.
For the KNLMS algorithm, the CPU achieved the highest performance. In contrast
to the computations of Equations (2), (3), (8), and (9) for SW-KRLS and FB-KRLS, in
the case of KNLMS, the computations of Equations (13) and (14) involve mostly scalar
operations and take more than half of the execution time, limiting what can be achieved
through vectorization.
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Fig. 6. SW-KRLS single-precision performance comparison between pipelined and nonpipelined processors.

In Table VII, the OpenCL design runtime is the kernel time, with PCI Express
transfer time excluded. In the vector processor, the PCI Express bus is not used during
training as I/O is done through the Peripheral Adaptor (Section 3.4). Similarly, PCI
Express is not used for the other implementations. The vector processor achieves the
highest performance of the four implementations when the window length is large.
We compare the performance of the fully pipelined vector processor to our previously
published nonpipelined SW-KRLS implementation [Pang et al. 2013] using the same
Stratix-V device. As shown in Figure 6(a), the vector processor with fully pipelined
architecture uses fewer cycles and achieves higher clock frequency and higher performance. Figure 6(a) provides detailed information on the maximum frequency, Fmax , for
each different lane configuration of the vector processor.
A higher clock frequency is obtained using the Arria 10 device, and the performance
is approximately 1.4 times higher than Stratix V. Figure 6(b) shows floating-point
operations per second (FLOPs) for the Stratix V, Arria 10, and CPU implementations.
Peak performance is calculated as (number of multipliers + number of adders) × Fmax.
Sustained performance is measured as the number of floating-point operations divided
by the execution time, where the number of floating-point operations is calculated using
Equation (4).
4.3. Precision Analysis

The MG-30 Mackey-Glass [Mackey and Glass 1977] benchmark, modeled by the difbx(t−τ )
ferential equation dx(t)
= −ax(t) + 1+x(t−τ
with (a = 0.1, b = 0.2, τ = 30), was used to
dt
)10
test the SW-KRLS implementation. A regularization parameter of c = 0.01 and kernel parameter σ = 0.6 was chosen. The single-precision floating-point vector processor
was compared with KAFBOX [Van Vaerenbergh 2012], an open-source double-precision
implementation. As shown in Figure 7, the difference in mean squared error (MSE)
between KAFBOX and our processor was less than 0.07%, and the maximum relative
error was less than 0.5%. We consider this error negligible for our purposes and thus
conclude that single-precision floating point is sufficient for the MG-30 problem.
The Lorenz dataset can be created by Runge-Kutta integration of the Lorenz equations and is available in KAFBOX [Van Vaerenbergh 2012].
Figure 8 shows the maximum relative error, MRE, of the SW-KRLS, FB-KRLS,
and KNLMS algorithms with a sliding-window length of 127. The error for sample i
is calculated by comparing the output of each of the hardware platform simulation
results with a double-precision reference generated by KAFBOX over 1,000 training
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Fig. 7. The left-hand plot shows the KAFBOX output compared with the vector processor. The right-hand
plot shows their relative error. Results are for single-precision floating-point and a sliding-window length of
127.

Fig. 8. Error compared to KAFBOX golden reference in single and double precisions with a sliding-window
width of 127.

and prediction pairs, that is, MRE = maxi (|(xiobs − xire f )/xire f |), where xire f is the Matlab
output and xiobs is the observed prediction output. For the Lorenz problem using SWKRLS and FB-KRLS, single precision was not sufficient for convergence so only doubleprecision results are reported.
4.4. Dynamic Instruction Frequency

In this subsection, we provide a dynamic instruction analysis for the SW-KRLS microcode using a lane width of 32. Instruction frequency was measured via simulation
and shown in Figure 9. From this figure, we can see that SDIV, SEXP, and SSQRT only
take a small portion of the total instruction cycles, justifying a single heterogeneous
ALU. Results for the SW-KRLS, FB-KRLS, and KNLMS microcode over different lane
widths yield similar results, with the VDOT and VMUL instructions consuming the
highest machine cycles for all applications.
4.5. Energy Consumption

This section details the energy consumption of the Vector Processor, Altera OpenCL,
DSP, and CPU implementations. The power dissipation of the vector processor on
Stratix V and Altera OpenCL implementations was measured using an Agilent U8001A
power supply. The Arria 10 power consumption was obtained using the PowerPlay
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Fig. 9. SW-KRLS microcode dynamic execution analysis, lane width 32.

Fig. 10. SW-KRLS energy consumption (N = 128).

Power Analyzer tool in Quartus Prime 16.0 at 300MHz. Results will be optimistic
as they do not include the consumption of other chips required to make the system
function. The DSP power dissipation was measured from the DC input jack using a
Fluke 15B multimeter. The CPU power dissipation was estimated using OS reported
battery usage over a 15-minute test on a laptop using battery power with the LCD
screen switched off. We also provide energy usage per training/prediction pair using
E = Pt, where E is energy usage, P is power usage, and t is the prediction time.
In this section, in order to select a system optimized for power dissipation, the CPU
configuration is an Apple MacBook Air laptop with the following specifications: Intel
Core i5 CPU 2467M @ 1.6GHz, 4GB of memory, running Mac OSX 10.9 using Apple
LLVM 5.1. Note this machine also uses flash storage as opposed to a hard disk drive.
From Figure 10, it can be seen that the Arria 10 implementations require the least
amount of power. When the computational time is also taken into consideration, the
vector processor outperforms all other implementations in terms of energy consumption
for all sliding-window lengths. For the SW-KRLS algorithm with N = 128, energy
consumption of the Stratix V FPGA and Arria FPGA is a factor of 8 and 24 lower
than that of the CPU. Results for the FB-KRLS algorithm are similar. For KNLMS,
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Fig. 11. Latency test results (SW-KRLS, N = 64).

significant vectorization is not possible and hence the execution time and energy of the
vector processor are similar to the CPU.
4.6. Latency Test

We define latency to be the time taken from the arrival of a new input at a device’s
input pins (32 bits or 4 bytes for single precision) to when the output prediction changes
the device’s output pins. On an FPGA, this can be minimized by avoiding any buffering
and off-chip transfers. While double buffering can improve throughput by amortizing
overheads over many inputs, it does not improve latency. FPGAs have a clear latency
advantage as they can avoid off-chip I/O and buffering.
Latency tests for performing online learning and prediction from analog data sources
were conducted. For Stratix V and OpenCL, we used a DE5 board equipped with a
Terasic High-Speed A/D and D/A Development Kit. The same input/output latencies
were used for the Arria 10. The vector processor runs at 250MHz on the Stratix V
device and at 300MHz on the, Arria 10 device. For the CPU we used the National
Instruments 5781 Baseband Transceiver and NI 7954 FPGA modules, and the DSP
latency assumed an LTC2422 ADC and LTC2607 DAC connected via a serial peripheral
bus operating at the highest frequency. Results for the SW-KRLS example are shown
in Figure 11, with those for FB-KRLS and KNLMS being similar. The vector processor
outperforms the other platforms in terms of latency due to its fast processing time
and minimal I/O overhead. In comparison, the DSP suffers from both high I/O latency
and high processing latency, and the CPU implementation is capable of providing low
processing latency but suffers from high I/O latency during data acquisition, due to
PCI bus and kernel overheads. The OpenCL implementations used PCI Express DMA
data transfer to initialize the kernel and read back data. This results in high input and
output latency.
4.7. Related Work

4.7.1. Hardware Implementations of Machine Learning. Module generators, which can create a family of parameterized designs rather than a single one, are common in reconfigurable computing. Anguita et. al. [2011] described an FPGA-based fixed-point
core generator for SVMs that allows submodules with different speed, resource, and
accuracy tradeoffs to be included. Papadonikolakis and Bouganis [2008] developed a
ACM Transactions on Reconfigurable Technology and Systems, Vol. 10, No. 1, Article 5, Publication date: September 2016.

A Microcoded Kernel Recursive Least Squares Processor Using FPGA Technology

5:17

scalable SVM module generator that allows for the use of different kernel types and
uses different numbers of parallel tiles to optimize performance. The design was partitioned into fixed- and floating-point parts to achieve high speed without sacrificing
accuracy. Majumdar et. al. [2012] described the many-core MAPLE architecture, which
was designed to accelerate a number of learning and classification problems, including
SVMs. Vector processing elements in a two-dimensional grid were used to perform linear algebra, and independent off-chip memory banks were utilized to allow the solution
of large problems.
Lin et. al. [2010] developed a deeply pipelined Bayesian computing machine (BCM)
using floating-point arithmetic to evaluate probabilistic networks. A system with 16
processing nodes achieved average 80/15× speedups over a CPU/GPU implementation,
respectively.
Shan et. al. [2010] developed a map-reduce framework and applied it to the acceleration of the RankBoost algorithm using floating-point arithmetic. They also described
how their work could be applied to the PageRank and SVM algorithms.
Perhaps most similar architecturally to this work is a fixed-point implementation of
the Restricted Boltzman Machine (RBM) by Ly [2010]. A microprogrammed controller
was employed, and a new technique to implement transcendental functions in a highly
pipelined manner by combining lookup tables with linear interpolators was introduced.
Virtualization through time multiplexing was employed to allow larger problems to be
solved.
In this work, a parallel data path is combined with microcoded control logic to produce
a soft vector processor. While both Ly [2010] and Majumdar [2012] targeted maximum
performance in batch learning tasks, ours is designed for single-FPGA, floating-point
embedded applications in which minimizing latency and compactness are the key design goals. Our designs could be considered complementary to some previous work in
that module generators, scheduling, map-reduce, MPI, and so forth can be combined
with our architecture.
4.7.2. Soft Vector Processors. A soft vector processor is a processor implemented using
FPGA resources [Yiannacouras et al. 2012]. Most well-known previous soft vector
processors [Yiannacouras et al. 2012; Chou et al. 2011; Severance and Lemieux 2012;
Yu et al. 2009] have not supported floating-point operations. The FPVC, or floatingpoint vector coprocessor, developed by Kathiara and Leeser [2011] adds a floating-point
vector unit to the hard Xilinx PowerPC cores, which can exploit SIMD parallelism as
well as pipelining. A recent soft vector processor with streaming pipelines [Severance
et al. 2014] allows custom vector instructions, which can be floating-point operations.
In terms of data representation, while the performance benefits of fixed-point and
reduced-precision floating-point implementations are undeniable, we advocate singleand double-precision floating point. The proposed architecture could be easily modified
for fixed-point and mixed fixed-floating-point arithmetic.
We also assume that there is only one data stream to process. This makes parallelism
through multithreading difficult as the next data item can only be processed after the
state has been updated.
General-purpose graphics processing unit (GPGPUs) are an alternative acceleration
technology to FPGAs, CPUs, and DSPs. They offer massive amounts of computing
power but are optimized for throughput rather than latency. For a 4-byte transfer,
CPU-to-GPGPU and GPGPU-to-CPU latency has been measured as 40.4μs and 41.9μs,
respectively [Bittner and Ruf 2012]. Since the round-trip transfer time alone is similar
to the FPGA and CPU total latency including processing, we concluded that GPGPUs
were not suitable for latency-critical applications and hence were not included in this
study.
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Similar to previous soft vector processors [Yiannacouras et al. 2012; Chou et al.
2011; Severance and Lemieux 2012; Yu et al. 2009], this vector processor architecture
offers scalable performance and area via control of the number of vector lanes. We
are not aware of other soft vector processors specifically targeting kernel methods or
low-latency machine learning.
5. CONCLUSIONS

In this work, a microcoded vector processor optimized to reduce latency for kernelbased machine-learning algorithms was presented. The architecture allows efficient
computation of dot product, matrix-vector multiplication, and kernel evaluation operations, and features simplicity, programmability, and compactness. For SW-KRLS
and FB-KRLS, significant improvements in execution time, latency, and energy consumption were observed compared with a CPU and DSP. As limited opportunities are
available for vectorization of the KNLMS algorithm, execution time and energy are
similar to the CPU, with an order of magnitude reduction in latency.
We showed that the microcoded vector processor can be efficiently implemented
on both Stratix V and Arria 10 devices. Floating-point cores on these devices have
very different latencies, but this can be handled by adjusting pipeline stage latencies.
Newer FPGA architectures will further improve the performance of our processor, and
we believe they can be utilized efficiently with minor changes to the pipeline structure
and microcode.
The microcoded architecture presented herein is a flexible processor capable of implementing many different algorithms without resynthesis of the design. Future work
includes incorporating a parallel accumulator to improve performance of the “VDOT”
instruction, and development of tools to allow the architecture to be customized to
an even wider range of applications. It would also be interesting to investigate the
feasibility of using techniques such as Dekker’s algorithm [Dekker 1971] to achieve
higher precision using only single-precision operations. This may better utilize the
hard single-precision floating-point cores available in Arria 10 and future FPGAs.
APPENDIX
A. DESCRIPTIONS OF THE FB-KRLS AND KNLMS ALGORITHMS

In this appendix, we provide concise descriptions of the FB-KRLS and KNLMS algorithms implemented in the article.
A.1. Fixed-Budget KRLS

The FB-KRLS algorithm has a fixed dictionary size and employs a scheme that attempts
to keep the most useful training examples in the dictionary. Using a fixed dictionary
size bounds the computational cost of the algorithm. Thus, the computational cost can
be determined at design time, a useful property for real-time and high-performance
implementations. A comparative study of KAF algorithms [Van Vaerenbergh and Santamaria 2013] suggests that for stationary systems, the FB-KRLS achieves the lowest
MSE at the smallest
computational cost.

Let Dn ∈ R N ×M be the dictionary at time n, which contains N  selected training
examples from
all inputs, {x1 , . . . , xn}, such that one input vector is stored in each row;

and yn ∈ R N be the solution vector, {y1 , . . . , yn}, corresponding to the selected examples
of Dn. Using Dn and yn, at time n, the least squares weights are α n and the inverse
matrix is Kn−1 .
The pseudocode in Figure 12 lists the steps required to update the model. Given a new
training example, (xn+1 , yn+1 ), an augmented dictionary D̃n+1 and augmented solution
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Fig. 12. Pseudocode of the FB-KRLS algorithm.

vector ỹn+1 are obtained by appending xn+1 and yn+1 to Dn and yn, respectively. The
kernel vector, k̃n, is then given by
p = [κ(d̃0 , d̃ N +1 ), . . . , κ(d̃ N , d̃ N +1 )]T

(6)

k̃n = [pT , C]T ,

(7)

where d̃i is the i th entry of D̃n+1 , C = κ(d̃ N +1 , d̃ N +1 ) + c, and c is a regularization
constant.
K−1 is then calculated by first computing


−1T
g) −Kn−1 pg
Kn−1 (I + ppT Kn−1
−1
K̂n+1 =
,
(8)
−(Kn−1 p)T g
g
where g is given by g = (C − pT Kn−1 p)−1 , and then
−1
Kn+1
= G − ff T /e,

(9)

−1
, f vector of the entries
where e is the diagonal entry on the j th row/column of the K̂n+1
−1
th
in the j row/column of K̂n+1 excluding e, and G is a matrix made from all remaining
−1
−1
. Note that f is defined as the j th row and column since K̂n+1
is symmetentries of K̂n+1
rical. The value for j is determined by selecting the index corresponding to the smallest
entry of s, which is given by
 −1

 −1 
s = K̂n+1
,
(10)
ỹn+1 ./diag K̂n+1
−1
−1
) returns a vector of the diagonal entries of K̂n+1
and “./” denotes
where diag(K̂n+1
th
element-wise division. Dn+1 and yn+1 are found by removing the j row of D̃n+1 and
ỹn+1 , respectively.

A.2. Kernel Normalized Least Mean Squares Algorithm

The KNLMS [Richard et al. 2009] provides a computationally efficient way to approximately calculate the least squares solution. The KNLMS algorithm also provides an
effective and computationally inexpensive online method to sparsify the dictionary,
known as the coherence criterion. The result is an online approximate kernel regression algorithm with worst-case computational complexity of O(NM) to update the state
for each new training example. KNLMS can be derived by considering the instantaneous approximation of the solution to the following affine projection problem at time
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Fig. 13. Pseudocode of the KNLMS algorithm with Coherence Criterion.

step n:
min α − α̂ n−1 22 subject to yn = knT α,

(11)

α

where kn is the kernel vector given by the kernel function between the latest input, xn,
and each entry currently in the dictionary. Assuming that the current can be adequately
represented by the current dictionary, and thus we don’t wish to add it the dictionary,
Equation (11) can be solved by minimizing the following Lagrangian function:


J(α, λ) = α − α̂ n−1 22 + λ yn − knT α .
(12)
The solution of α̂ n is found by differentiating Equation (12) with respect to α and λ
and setting the derivatives to zero, 2(α̂ n − α̂ n−1 ) = λkn.
By premultiplying each term by knT and substituting in yn from the constraint in
Equation (11), an expression for λ can be found: λ = 2(knT kn)−1 (yn − knT α̂ n−1 ). This is
then used to obtain the following recursive update equation:


η
T
(13)
α̂ n = α̂ n−1 +
 2 yn − kn α̂ n−1 kn,
+ kn
2

where η is a step-size parameter and is a regularization factor. If the current training
example cannot be adequately represented by the current dictionary, then the dictionary is appended with the current input, xn, and the update equation becomes:
α̂ n =

α̂ n−1
0

+

η
 2

+ kn2

yn − knT

α̂ n−1
0

kn.

(14)

In order to determine whether or not the current dictionary can adequately represent the current input example, the coherence criterion is used, which is given by
max j=1...md |κ(xn, d j )| ≤ μ0 , where md is the current size of the dictionary. If true, the
current input example is appended the dictionary; otherwise, the dictionary remains
the same. Richard et al. [2009] show that under reasonable conditions, this produces a
finite dictionary as n approaches infinity. This also implies that after an initial period,
the computational cost for each training step only depends on the final size of the dictionary, Md. Pseudocode for the KNLMS algorithm, adapted from Richard et al. [2009]
and Yukawa [2012], is provided in Figure 13.
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