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Quantization Robustness of Monotone Operator
Equilibrium Networks

James Li, Philip H.W. Leong, and Thomas Chaffey

Abstract—Monotone operator equilibrium networks
(MonDEQs) are implicit models whose well-posedness and
convergence rely on a single scalar margin computed from
the weight matrix, which has made them attractive for
learned controllers with closed-loop stability guarantees.
When such models are deployed on low-precision hard-
ware, weights are quantized, and these structural guaran-
tees can be destroyed. We provide an explicit quantization-
preservation certificate: a single computable check on
the weight perturbation determines whether the quan-
tized network retains existence, uniqueness, linear con-
vergence, and a bounded displacement of its equilibrium.
The same threshold certifies the backward solve as well
as the forward solve, so it governs both training and in-
ference. MNIST experiments confirm a phase transition at
the predicted threshold: three- and four-bit post-training
quantization diverge, while five-bit and above converge;
quantization-aware training recovers provable convergence
at four bits.

Index Terms— Quantization (signal), Neural networks,
Robustness, Convergence, Optimization

[. INTRODUCTION

EPLOYING neural networks as controllers in safety-

critical applications requires rigorous behavioral guar-
antees. Implicit-layer architectures such as monotone oper-
ator equilibrium networks (MonDEQs) [1] and the related
recurrent equilibrium networks (RENs) [2] have emerged as
models providing such guarantees: RENs have been used
to learn nonlinear controllers with closed-loop stability [3],
[4]. However, embedded deployment requires quantization:
representing weights and activations at low-bit precision [5].
Hardware efficiency and accuracy are conflicting goals, since
rounding error grows as bit-precision is reduced. Analytic
bounds relating quantization error to a network’s robustness
would let bit-width be selected based on deployment require-
ments rather than by trial and error.

This motivates the question of whether quantization error
can be bounded at the model level. At present, there is no
generally applicable bound on quantization error; instead, only
architecture-specific analyses exist [6], [7]. Progress therefore
requires restricting attention to architectures with tractable
convergence guarantees — a requirement familiar in control,
where quantized feedback has been modeled as a sector-
bounded perturbation and stability is analyzed via small-
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gain conditions [8]. MonDEQs are a class of deep equilib-
rium models (DEQs) [9] that enforce monotonicity of the
underlying operator, guaranteeing existence, uniqueness, and
linear convergence of the equilibrium via operator splitting.
A MonDEQ layer’s well-posedness is captured by a single
spectral margin: the smallest eigenvalue m of a symmetric
matrix constructed from the layer’s weights (defined formally
in Section II). Having m > 0 ensures the implicit equation
has a unique equilibrium that the numerical solver converges
to; because quantization perturbs this matrix, the margin m
provides a natural handle for analyzing quantization error. To
our knowledge, MonDEQ behavior under quantization has not
been analyzed.

A. Contributions

We give the first explicit quantization-preservation certifi-
cate for a MonDEQ’s structural guarantees: a single com-
putable threshold |[[AW|2 < m under which existence,
uniqueness, linear convergence, and a deterministic displace-
ment bound all hold for the quantized network. The in-
duced perturbation of the monotonicity margin and Lipschitz
constant is bounded by specialising the radius theorem for
monotone mappings [10, Thm. 4] to the MonDEQ setting
(Theorem 2, Section IV-A); this gives explicit conditions under
which the quantized MonDEQ retains existence, uniqueness,
and linear convergence (Corollary 1, instantiating the forward—
backward splitting framework of [11]). The fixed-point dis-
placement between quantized and full-precision equilibria is
bounded and converted into a condition number (Theorems 3—
4, Section IV-B), sharpening the closest prior MonDEQ Lips-
chitz analysis [12] by deriving the perturbed margin from the
quantizer bit-width. The same threshold certifies the backward
solve as well as the forward solve (Theorem 5, Section IV-
C), so a single margin check governs both training and
inference. We validate the certificate empirically on a single-
layer MonDEQ trained on MNIST across bit-widths from 3
to 32 bits (Section V); the experiments test certificate predic-
tiveness against the threshold ||[ATW ||z < m, not deployment-
scale benchmark performance. Code is available at https:
//github.com/JLi-Projects/mondeg—quant.

B. Related Work

Quantization theory. Standard quantization modeling treats
the quantized weight matrix as a bounded perturbation of
its full-precision counterpart [5], [13]; post-training and
quantization-aware variants (Section V) trade off training
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cost against achievable bit-width [5], [14]. Inexact opera-
tor splitting. Operator splitting methods such as forward—
backward and Peaceman—Rachford admit inexact variants in
which bounded per-step errors are tolerated while preserving
convergence [15], [16]. In Section IV, we apply these results to
quantization-induced errors in the MonDEQ solver and derive
new bounds on equilibrium displacement and the associated
condition number.

Numerical error analysis. Beuzeville et al. [17] prove back-
ward stability of feedforward networks under floating-point
rounding; Jonkman et al. [18] model quantized communication
in distributed optimization as inexact Krasnosel’skii-Mann
iteration.

MonDEQ sensitivity. Pabbaraju et al. [12] derive input-
output and weight-output Lipschitz bounds for MonDEQs,
but their perturbation bound assumes the perturbed margin is
known and does not address quantization-specific structure,
convergence conditions, or condition number.

[l. PRELIMINARIES

We collect notation and standard definitions from monotone
operator theory that are used throughout the paper.

We work in R™ with the Euclidean norm || - |2 and denote
the spectral norm of a matrix by || - ||2. The symmetric and
skew-symmetric components of a matrix A are sym(A) :=
F(A+ AT) and skw(A) := £(A— AT).

Monotone operators. Monotonicity generalises positive-
definiteness from linear maps to nonlinear ones and is the
property that guarantees well-posedness of the fixed-point
equations we analyse. An operator F R® — R” is
monotone if (F(x) — F(y), x —y) > 0 for all z,y € R",
maximal if its graph is not properly contained in the graph
of any other monotone operator, m-strongly monotone if
(F(z) — F(y), z—y) > m|z — y||3 and L-Lipschitz if
|IF(z) — F(y)ll2 < L||® — y||2. For the affine operator
F(z) = (I-W)z—(Uz+Db), the strong monotonicity margin
is m = Amin(sym(/ — W)) and the Lipschitz constant is
L=|I-Wllz [11], [19].

Resolvents. The resolvent J,¢ := (I+aG)~! of a maximal
monotone G plays the role of the activation function inside the
splitting iteration; it is single-valued, firmly nonexpansive, and
hence 1-Lipschitz. The reflected resolvent is Ryg := 2J,g —
I [11].

The forward-backward iteration 2" = J,q (2F —aF(2*))
converges linearly for any a € (0,2m/L?) with contrac-
tion modulus rpg = V1 — 2am + a2L2 [11], [19]. The
Peaceman—Rachford iteration 2"t = (2Joq — I)((2Jar —
I)(z*)) converges linearly for any a > 0 with contraction

modulus ppr = /1 — (li‘%z [11], [19].

[1l. MONOTONE OPERATOR EQUILIBRIUM NETWORKS

Monotone operator equilibrium networks (MonDEQs) [1]
compute their output as the fixed point of a splitting map
derived from a monotone inclusion. We summarize the key
definitions.

Definition 1. Fix an input x € R Let W € R"*", U € R**¢4
and b € R™ be parameters collected in a vector 9 € R".
Define the affine map

F(z) = I-W)z— (Uz+1b), z € R™

Let G : R" == R"™ be a maximal monotone operator and
let Joc = (I +aG)~1 denote its resolvent for any o > 0.
Considering the nonlinear fixed point iteration

= Joa (28 — aF(29)) = (% 9),

suppose it has a fixed point z*. We call the mapping from the
input x to fixed point z* a monotone operator equilibrium
network (MonDEQ).

A MonDEQ thus replaces the layer stack of a feedforward
network with a single nonlinear fixed-point equation: the iter-
ation ® alternates an affine pre-activation step (parameterised
by W, U, b) with the resolvent of G (which plays the role
of the activation), and the network’s output is its equilibrium.
The following equivalence [1] recasts this fixed point as the
solution of a monotone inclusion, opening the door to operator-
splitting theory.

Theorem 1. Define a MonDEQ as in Definition 1. Then z* €
Fix(®) <= 0 € F(z*) + G(z*).

Theorem 1 reduces computation of the MonDEQ output
to solving the monotone inclusion 0 € F(2*) + G(z*). This
reformulation is useful because the splitting algorithms of
monotone operator theory apply directly and converge linearly
when F' is strongly monotone. The choice of G encodes the
activation: when G = Jp for proper, closed, convex p, the
resolvent J,g = prox, p acts as the activation function in the
splitting iteration, with p the indicator of R%, recovering the
rectified linear unit (ReLU) activation [1].

Any W guaranteeing F' is m-strongly monotone can be
written in the form below, giving a constructive recipe for
training MonDEQs with a target margin built in.

Proposition 1. sym(I — W) = mlI if and only if there exist
A, B € R™" such that W = (1—-m)I —ATA+B—-B".

Proof. Direct computation [1]. [

The margin m is determined by the parameterization of W.
Because m = Apin(sym(I — W)) is an explicit function of
W, perturbing the weight matrix perturbs m in a way that
can be bounded analytically. Since m > 0 is both necessary
and sufficient for well-posedness, bounding how quantization
perturbs m directly determines whether the quantized network
remains well-posed.

IV. QUANTIZATION IN A MONDEQ

Here, quantization replaces floating-point weights with
fixed-point (low-bit) approximations, reducing memory and
enabling efficient integer arithmetic at the cost of increased
rounding error. We analyze the resulting error as a perturbation
of the weight matrix W — W = W + AW [13], bounding
its effect on well-posedness, the equilibrium point, and the
backward pass used for training.
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We use symmetric uniform (mid-tread) quantization: for
b-bit representation with weights in [—1, 1], the quantizer
Qa(w) = A-round(w/A) has step size A = 2!~ and worst-
case elementwise error A /2. Uniform quantization is standard
for weight compression because the evenly spaced levels map
directly to fixed-point integer formats, enabling hardware-
accelerated matrix arithmetic; non-uniform schemes such as
logarithmic quantizers [8] sacrifice this property. Since each
entry of AW is bounded by A/2, we have ||[AW]|, < (A/2)n
for the square n x n weight matrix. This motivates modeling
weight quantization as a bounded perturbation [13].

Definition 2. Given a MonDEQ as in Definition 1, its quan-
tized counterpart replaces W with W = W4+AW, |[AW |2 <
EW.

For the symmetric uniform quantizer with step size A =
21-b at b bits, ey = nA/2.

Weight quantization introduces a deterministic perturbation
to the weight matrix. This raises the question of how large
the perturbation can be before the equilibrium ceases to exist.
In practice, each iterate also incurs computational errors such
as finite-precision arithmetic or activation rounding, so the
computed iterates obey z**! = ®(2*) + 6 with bounded per-
step errors J;. Together, the weight perturbation AW and the
iterate errors d; model the two sources of error in a quantized
MonDEQ.

A. Margin Perturbation and Well-Posedness

The following theorem shows that weight perturbation re-
duces the monotonicity margin by at most [|AW]|,. This
theorem is a specialisation of the radius theorem for monotone
mappings [10, Theorem 4].

Theorem 2. Define a MonDEQ in accordance with Defi-
nition 1 with weights W satisfying Proposition 1. Let W
be the quantized weights with perturbation ||[AW ||z < ew,
and let F(z) := (I — W)z — (Uz 4+ b) denote the corre-
sponding quantized affine operator. Then the margin m :=

Amin(sym(I — W) of F is bounded below by
m > m— [[AW]|2,

and the Lipschitz constant L of f‘ satisfies |L — ||AW||2| <
L < L+ ||AW ||2. In particular, F is strongly monotone (with
margin m > 0) whenever |AW |2 < m.

Proof. sym(I — W) = sym(I — W) — sym(AW), so by

Rayleigh [20],

T/\fL:

min z [sym(I — W) — sym(AW)]z

lzll=1
>m — [[sym(AW)|l; = m — [[AW][, .
For the Lipschitz constant, the triangle and reverse triangle
inequalities applied to L = HI - WH = |1 = W) — AW,
2
give the stated bounds.
If |AW]|, < m then m > 0 and the equilibrium is

preserved; in the worst case the condition number Kk = L /m
degrades from both sides, slowing convergence. The margin is

the binding constraint in practice: sym(I — W) = ml+ AT A
attains m exactly wherever A" A has a zero eigenvalue, while
L = ||[I -W]||, is robust to elementwise rounding. The
Peaceman-Rachford analogue substitutes ppg (a;m, E)

Corollary 1. If eyy < m and a € (0, 2m,/L?), the quantized
forward-backward map ®pp(z) = Jac(z — aF(z)) is a
contraction with modulus reg(a; m, L).

Proof. Replace (m,L) by (i, L) from Theorem 2 in the
forward-backward convergence rate. O

In words, provided ey < m, weight quantization slows
but does not break convergence: the solver still reaches a
unique equilibrium, and the next subsection bounds how far
that equilibrium moves. Larger perturbations can drive m < 0
and break convergence, as in the 4-bit case of Section V.

B. Equilibrium Displacement

Convergence guarantees the quantized solver reaches some
fixed point, but a controller deployed at low precision needs
to know how far that fixed point has moved from the one
the controller was designed for. The next result bounds the
displacement ||z* — z*||, in terms of the perturbation size and
the (unperturbed) margin.

Theorem 3. Assume F(z) = (I — W)z — (Uz +b) is m-
strongly monotone and G : R™ = R" is monotone. With W
given as in Definition 2, suppose |AW ||a < m (in particular
m > 0). Let

F(z):= (I —W)z— (Uz+b) = F(z) — AWz,

Let z* and z* denote the (unique) solutions of the full-
precision and quantized inclusions
0€ F(z*)+G(z*), 0eF(E)+GEY).
Then
_ lawy,
2 <
m

12 = 27|

)

Proof. Pick g* € G(z¥), g* € G(z*) with F(z*) + g* = 0,
F(z*)+g* = 0. Subtracting (using F = F — AW) and taking
the inner product with 0z := z* — 27,

(F(z*) = F(2), §z) — (AW Z*, 6z) + (9" — g7, dz) = 0.

12" l2-

The first term is > m||5z||§ (m-strong monotonicity
of F); the third is > 0 (monotonicity of (). Hence
m H(SzHg < |AW |5 [I2*]|5 [|62]|, by Cauchy—Schwarz; divid-
ing yields (1). O

The bound (1) depends on ||z*||, rather than |/z*||, be-
cause the perturbation_acts through the shifted fixed point.
Exchanging F' and F' in the proof gives the symmetric
bound ||z* —2*|, < (|[AW],/m) ||z*||,. An explicit rel-
ative bound in terms of ||z*||, alone is given in Corollary 4.

For hardware deployment, U and b are also quantized; the
same argument with Au := AU z 4+ Ab extends the bound.

Corollary 2. Under the hypotheses of Theorem 3 with U=
U+ AU, b=0b+ Ab, and Au := AUz + Ab, ||z* —2¥||, <
AW 25l + [[Aully) /m.
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Proof. The argument of Theorem 3 applies with F(z) —
F(z) = =AWz — Au; Cauchy-Schwarz on the additional
(Au, dz) term yields the extra ||Aulf,. O

In words, quantizing U and b shifts the equilibrium by
at most ||Aul|, /m but does not threaten convergence: the
margin and Lipschitz constant of Theorem 2 depend only

n (I — W), so Corollary 1’s convergence guarantee extends
verbatim. The next result accounts for the second error source,
iterate quantization: per-step residuals from finite-precision
arithmetic or activation rounding.

Corollary 3. Let ® be a quantized map as in Corollary 1,
with contraction modulus r € (0, 1) and fixed point z*. Then

limsup |[2* — 2*[]s < lim sup;, o ||5’€H2

k— o0 1—r

IfF > peo 16k, < o0, then 2% — Z* exactly.

Proof. Follows from standard inexact contraction results [11,
Sec. 5.5]. ]

In practice, bounded per-step errors do not destroy conver-
gence: the solver reaches a neighbourhood of z* whose radius
scales with the error magnitude and contraction rate. Summa-
bility > ||0x]|, < oo holds, for example, under an adaptive
quantizer (one whose step size shrinks across iterations)
chosen so that ||d||, decays geometrically [18], in which
case the total error |[2% — Z*H2 < |I#*F - E*HZ + ||z2* = 25
collapses to the displacement bound alone.

The bound (1) measures displacement in absolute terms. We
now derive a relative bound and extract the condition number,
which separates the problem’s inherent sensitivity from the
perturbation size.

Corollary 4. Under the hypotheses of Theorem 3, if
|AW ||y < m then
I =21, _ AW, °
[12*l, m— [[AW],
Proof. From Theorem 3, [z* —z*|, < 1&Wlaz«)
Substituting  [|2*|l, < [[2*]], |z* —2*||, gives

17 =2, < ==z, + |2 — 2*||,). Rearranging,
(1 — AWy /m)[I2* =2, < L2 x|, which
yields (2) since ||AW]|, < m. O

Corollary 4 gives a global bound: the relative displacement
is at most ||AW|,/(m — [[AW]|,), which depends only
on the perturbation size and margin. For example, on the
trained MonDEQ of Section V at 8 bits (||AW{|, = 0.035,
m = 0.227), the bound gives 18%; the empirical relative error
is much smaller (Section V). As ||AW/|, — 0, the bound
linearizes to ||AW||, /m, recovering the condition number
scaling of Theorem 4.

The sensitivity of the equilibrium to small weight perturba-
tions is captured by the condition number [13], [21].

Theorem 4. For an unquantized MonDEQ with margin m >
0, the absolute condition number

o 12 = 2*1l,

1

Rabs ‘= l1msup W
2

law]l,—0

satisfies Kabs < [|2*5 /m.

Proof. From Theorem 3, ||z* — Z*||, / |AW]], < ||2*]|, /m.
By Corollary 4, [, < [=*[,/(1 — AW, /m). so
125 = 2%y /1AW, < [[z"]ly /(m — [[AW]],). Taking

AW ||, — 0 gives Kabs < [|2*]], /m. O

In words, the equilibrium’s sensitivity to weight pertur-
bation is governed by the ratio of its magnitude to the
margin. The relative condition number .1 < ||[W ||, /m gives
lz* = 2%l / I2*]ls < Kremw to first order, where ny =
|AW], / IW]|,; on the trained MNIST model k1 ~ 7.6.
A sufficient pre-deployment check is ey < m, and a single
margin check m > 0 guarantees both forward and backward
convergence (Theorem 5).

Unlike feedforward networks, where rounding errors accu-
mulate through L layers as O(Lu) [17], contractivity bounds
the error here regardless of iteration count: 2* is exact for
I —W. The next subsection shows the backward solve inherits
these guarantees verbatim.

C. Backward Pass Under Quantization

Training a MonDEQ requires gradients of the loss with
respect to the parameters ¢ = (W,U,b), computed by im-
plicit differentiation through the equilibrium condition 0 €
F(z*;9) + G(z*). The key observation is that the resulting
backward problem is itself a monotone inclusion with the same
linear part (I — W) as the forward problem, and therefore
inherits the same margin and convergence guarantees.

Differentiating F'(z*;9) + g* = 0 in 9 via the chain
rule produces the backward inclusion 0 € (I — W)p —r +
Gb( )s Where p = % is the backward sensitivity, r :=

z* + a: + élf; collects the parameter-derivatives of the
afﬁne forcmg, and G, € dcG(z*) C R™ ™ is an element
of the Clarke generalized Jacobian — the convex hull of
limits of Jacobians at points of differentiability — satisfying
sym(Gy) = 0[22]. The following theorem shows this structure
is preserved under weight quantization.

Theorem 5. Let W = W + AW with |AW ]|, < m and
let Z* solve 0 € F(N* 19)—|—G( *). Define p := 95, 7 =

c(l:l":‘f)/N*N+ d,};x + d’l9’ and let Gb (= aCG(Z ) C C R™*™ with
sym(Gy) = 0. Then p solves
€ (I_W)ﬁ—f-i- éb(ﬁ), 3)

and under the stepsize hypothesis of Corollary 1, the splitting
method converges to p with the perturbed parameters (m, L)
from Theorem 2. In particular, if the forward pass converges
(m > 0), then the backward pass also converges with the same
contraction modulus; a single margin check suffices for both
passes.

Proof. Differentiating F(*;9) + §* = 0 ‘with respect to 9
yields (3). The backward operator (I — W)p — 7 has the
same linear part as F, so it inherits the same (m, L) from
Theorem 2. Since Sym(Gb) > 0 by hypothesis — equivalently,
Gy is monotone as a linear operator — the same splitting
method converges. O
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Theorem 5 validates quantization-aware training (QAT):
whenever the forward pass converges under quantized weights,
gradients can be computed at the same precision and with
the same iteration budget. No additional solver resources are
required for the backward pass.

The gradient error under quantization has two sources: the
displaced equilibrium (z* — 2*) and the perturbed weight
matrix (W — W). By Theorem 5, the backward sensitivity p
solves a monotone inclusion with the same linear operator (I —
W), so the backward equilibrium exists and can be computed
by the same splitting method. Since both sources introduce
perturbations of size O(||[AW]|,) (the weight perturbation
directly, and the equilibrium displacement via Theorem 3),

o — ot £0<||AW||2>.

the chain rule gives

ow oW

V. NUMERICAL EXPERIMENTS

We validate the predictions of Section IV on a single-layer
MonDEQ with n = 100 hidden units trained on MNIST
(Adam, Ir = 1073, 15 epochs, step decay v = 0.1 at
epoch 10). Unlike [1], which fixes m, we treat m as learnable
via m = softplus(myay) with m,.w € R, ensuring m >
0. The trained model achieves 98.22% test accuracy with
m = 0.227, L = 1.845, k = L/m = 8.13. Post-training
quantization (PTQ) applies symmetric uniform quantization
with step A = 2'~? and per-tensor scaling, without calibration
or bias correction [5], [14]; QAT retrains from scratch with
a straight-through estimator. The forward-backward solver
terminates when the relative residual falls below 10~° or after
2000 iterations.

Margin stability certificate. Figure 1 tests the convergence
condition |[AW|, < m from Theorem 2 across bit-widths 3—
32. The non-convergence/convergence transition aligns with
|AW |, /m = 1: 3-bit (ratio 5.36) and 4-bit (2.66) diverge,
5-bit and above converge. The 5-bit case (ratio 1.25, m =
0.045 > 0) illustrates that the condition is sufficient but not
necessary: the actual margin remains positive, so the solver
converges despite the sufficient condition being violated. It-
eration count reflects the degraded margin (5-bit ~1730, 8-
bit ~450). At 8 bits, weight storage drops 4x versus 32-bit
floating-point with 98.24% vs. 98.22% accuracy.

QAT vs. PTQ. Theorem 5’s backward-pass guarantee
makes QAT well-defined (it requires differentiating through
the equilibrium). Figure 2 compares PTQ and QAT at 4,
6, 8 bits. PTQ fails at 4 bits (m = —0.142); QAT learns
weights with m = 0.006 > 0, achieving 96.78% accuracy at
a smaller margin (m = 0.184 vs. 0.227). At 6-8 bits both
methods converge, with PTQ slightly higher (98.25/98.29%)
by inheriting the larger float margin.

Displacement bound validation. The preceding experi-
ments test convergence; we now test the accuracy of the
converged equilibrium. Theorem 3 bounds the displacement
between exact equilibria; the forward—backward solver termi-
nates at finite tolerance, so a Cauchy—Schwarz residual-to-state
argument ||2 — =*[l, < |[F(2) + g, /m for any § € G(2)
(immediate from m-strong monotonicity, cf. [11, Sec. 5.5])
combined with Theorem 3 gives a corrected observable bound
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- I
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Fig. 1. Margin stability certificate. Iterations to convergence (top)

and final residual (bottom) vs. normalized perturbation ||AW ||, /m;
each point is one bit-width (3—32 bits). The vertical dashed line marks
the sufficient condition ||AW ||, /m = 1; the horizontal dotted line
in the top panel is the unquantized baseline (424 iterations). Circles:
converged (relative residual < 10~%); crosses: did not converge within
2000 iterations.

that absorbs the solver tolerance. Figure 3 illustrates Corol-
lary 2’s bound on 2,560 randomly sampled test inputs at 6,
8, 12, and 16 bits, with W, U, b all quantized at the same
bit-width. The maximum ||Au||, ranges from 2.44 (6-bit) to
0.002 (16-bit), and the empirical displacement is 3—10x lower
than the bound for every sample.

VI. CONCLUSIONS

We have analyzed the effect of weight quantization on
monotone operator equilibrium networks through spectral
perturbation of the monotone inclusion. The monotonicity
margin m emerges as the single quantity governing robust-
ness to quantization: convergence of the forward and back-
ward solvers is guaranteed provided ||AW|, < m (Theo-
rem 2), the equilibrium displacement satisfies ||z* — z* ||, <
(|AW ||, /m) ||z*]|, (Theorem 3), and the relative condition
number ke = [|[W]|,/m links bit-width to forward error
(Theorem 4). Experiments confirm a phase transition at the
predicted threshold and show the displacement bound holds on
every tested sample across 6—16 bits, with a conservative factor
of 3-10x. Quantization-aware training recovers convergence
at 4 bits where post-training quantization fails, enabled by the
backward-pass guarantee of Theorem 5.

The analysis is limited to uniform symmetric quantization
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Fig. 8. Displacement bound validation at 6, 8, 12, and 16 bits with

W, U, and b all quantized. Each point is one test sample; axes
show relative quantities (log—log). The x-axis is the Corollary 2 bound
(1AW ||, [IZ*]l5 + [[Aully)/(m [|2* 1) with Au = AU « + Ab;
the y-axis is the empirical relative displacement ||2* — z*||, / ||z*||,.
Points below the dashed line (y = ) satisfy the bound.

of a single-layer MonDEQ); natural extensions include per-
channel and mixed-precision schemes, multi-layer architec-
tures, and margin-aware regularization. An important open
question is whether the structural guarantees of equilibrium-
based control components survive weight quantization. Recur-
rent equilibrium networks (RENs) [2] — the related dynamic
architecture in which equilibrium-based controllers are cur-
rently deployed [3], [4] — are the natural next target, and
the bounds here are a first step. Another avenue for future
work is to extend these results to realizations of MonDEQs
on quantized analog hardware [23].
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