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Abstract—Time series predictions are utilised to improve
regulation in receding horizon control (RHC) problems. For
the case of a quadratic objective function in a discrete linear
time invariant system we: derive a closed form equation for the
increase in cost due to prediction error, AJ; demonstrate that di-
mensionality reduction can be employed to reduce computational
costs in testing different prediction techniques; and suggest that
AJ is a better choice for predictor evaluation than standard
measures such as mean square error or mean absolute error.

Index Terms—Receding horizon control, linear quadratic reg-
ulator, machine learning, time series, forecasting.

I. INTRODUCTION

A Linear Quadratic (LQ) system’s dynamics are described
by a set of linear differential equations and a quadratic ob-
jective function. Because of their generalisability, LQ systems
with shrinking or receding horizon control (RHC) regulators
have been widely studied theoretically [1] and are used in
many applications including electric power systems [2], in-
ventory management [3] and finance [4].

One relatively recent addition to discrete LQ control is
the use of statistical models and machine learning (ML)
algorithms, where time varying but measurable disturbance
inputs are estimated via a forecasting algorithm [5]-[7]. In
time series prediction, error measures such as mean square
error (MSE) or mean absolute error (MAE) are used to
compare the quality of different prediction techniques [8].
Unfortunately, these assume that the error of each sample is
independent of other time-steps, which is not true in general.
To obtain full accuracy, one must validate a model by full
backtesting. Alternative approaches exist, such as including the
conditional distribution of the measurable disturbances in the
dynamic programming problem [9]. None of these approaches
are computationally efficient.

The contributions of this note are threefold. Firstly, we
derive an exact closed form solution for the increase in per-
formance cost of an LQ RHC system, AJ, for any prediction
compared to a prescient forecaster. Secondly, we demonstrate
that by using dimensionality reduction, the computation of the
cost function can be reduced with minimal loss of accuracy,
this leading to a significant speed-up in the case where
different prediction algorithms and parameters need to be
tested for fixed system parameters. Thirdly, we show that using
AJ to select prediction models results in better predictors than
common time series error measures.
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II. BACKGROUND

A discrete linear time invariant (LTI) system can be de-
scribed using the following state space model [1]:

x(t+1) = Az(t) + Bu(t) + Cu(t) (1)

where z(t) is the state at time ¢ € [0,1,...,N], u(t) is the
controllable input, v(t) is the external disturbance, and A, B
and C' are the system and input matrices respectively and are
controllable.
The cost function is defined by the quadratic equation:
N N-1
J = a®TQur(t) + Y u(t) Pu(t), 2
t=1 t=0
where @; and P; are stage costs of (t) and u(t) respectively.
These equations can be rewritten in matrix form as

X =542(0) + SpU + ScV,
J=XTQX +UTPU,

where X = [z(1) -~ 2(N)], U = [u(0) --- u(N — 1)].

V=[v(0) - o(N —1)], S4 = [A A2 ... AN],
T B 0 oo 0]
AB B o 0
Sp = ) . . s
_AN_lB AN-2p ... B_
e 0 oo 0]
AC C - 0
Sc = ) . . s
|AN-1o AN=2C .. O
Q = blOdeiag{QlaQQv‘ o aQN} and P =

blockdiag{ Py, P1,- -+ , Pn—1}-

Let Y = S5 (Saz(0) + ScV), Ja = P+ SEQSp, Jp =
STQSc, and H = —lejB. The optimal control input U* is
given by U* = HY [1].

III. PROBLEM FORMULATION

Even assuming system observability, v(¢) is not available
before time ¢ and must be substituted by 9(t) = v(t) + €(t),
where ©(t) is the predicted value and €(t) is the additive
prediction error (i.e., the unmeasurable disturbance).

In a receding (or shrinking) horizon approach, at each time-
step 7, 0(t) is re-estimated for ¢ > 7. We denote these
re-estimations and their prediction error by 9, (¢) and e, (t)
respectively. Similarly, their matrix counterparts are defined
as V, and B, = [e;(t) --- (N —1)].

As derived in Appendix A, U can be computed as an affine
function of disturbances:

N-1
U= &(My(i)Y +E)) 3)
=0
where
N-1
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t>7 Opyxh,
L(t,7)=St=7 Inxn ,

t<t STV CTTAYIBMy(t, hi)HiD(i,T)

i—t 1, =1 z,=1
Mg (t) = [%ij]Nxh,s { 7

else 25 =0 ’
t=7=1 =z;=1
MU(t,n) = [xi,j]htxn7 2y] ,
else zi; =0
j—i=1t+1 zi;=1
My (t) = [zl xn, i =1, <t+1 z;; =AF1=7 |
else z;; =0

0y xn 1S an m by n zero matrix, I,,x, 1S an m by n identity
matrix, H; is H = fngJ B re-computed for an optimisation
at time-step ¢ considering its horizon, and h; is the horizon
length of optimisation at step ¢, thus allowing the equation to
be used in receding, shrinking or a hybrid control scheme.

Using notation £ = [Ef ET ... E%_;]T, (3) can be
reorganised as

U=UyY +®F, “4)

where ® = [®g ®; --- ®y_1] and Uy = SN T &, My (4).

Let U* = UyY be the optimal input and J* = J(U*) the
optimal (i.e., minimum) cost using a prescient forecaster. As
derived in Appendix B, the increase in cost from optimal due
to prediction error E, AJ = J(U) — J*, is given by

AJ = ETOE + ETQY (5)
where © = ®TJ4® and Q = 20T (J Uy + Jp).

IV. TIME SERIES PREDICTION AND RHC

Many multi-horizon forecasting techniques have been pro-
posed [11], which are usually divided into two steps: (1) A
learning phase, where a model and its hyperparameters are
chosen and the training data is fit to minimise an error p-
norm ||v(t) — 94 (¢)||p [12], [13]; and (2) A cross validation
or backtesting phase, where performance of different models
and hyperparameters across a separate set of testing data are
compared.

Typically, when applying cross validation, MSE error E7 E
is used. This ignores possible dependencies between errors
and also between the errors and the inputs. To include this
knowledge of the RHC controller, a full step-by-by simulation
of RHC has to be performed, or equivalently (5) can be used
to compare the final cost of different models.

V. COST MATRIX DIMENSIONALITY REDUCTION

Computing AJ using (5) is of O(N?) time complexity.
Assuming repeated evaluation on a fixed system one can pre-
compute O and Y, and calculate A.J efficiently for different
values of FE, the latter coming from different prediction
models.

With this assumption, matrix decomposition can also be
used to further reduce computation complexity by approxi-
mating matrix © € RV>*Y with a matrix of lower rank [10].

Optimisation Horizon Window
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Fig. 1. A hybrid receding-shrinking horizon control scheme, with a maximum
horizon of 5.

Let © = VIVT, where ¥ is the diagonal matrix of
eigenvalues and V is the matrix of eigenvectors of ©. By
only keeping the 0 < L < N largest eigenvalues of © and
their corresponding eigenvectors, © can be approximated with
O = V'S'V'T, where V! € RV*L and ¥/ € RLXL Let
W = V'v/%'. An approximation to (5) is

AJ = ETW'W'TE + ETQY. (6)

Exploiting the symmetric structure of the new cost function,
diagonality of ¥, and assuming availability of W’ and QY
evaluating (6) is reduced to time complexity O(NL).

The choice of L is problem dependent. A general guideline
is to select L such that tr(X') > Atr(X), where tr is the trace
operator and 0 < A < 1 determines how much of the matrix’s
energy is to be conserved. In practice, A > 0.99 is commonly
used.

VI. NUMERICAL EXAMPLE AND SIMULATION RESULTS

AnLQ systemwith A=1,B=1,C=1,P=1,Q; =1
and z(0) = 0 is considered. The measurable disturbance v; is
generated via a 5Sth order auto-regressive (AR) model, vy =
2.76Ut - 3.131)15_1 + 1.79’[)15_2 — 0.501)15_3 + 0.051)15_4 + €. A
receding/shrinking horizon controller governs the system for
10 steps, with 5 receding windows of length 5 followed by 5
windows with shrinking lengths (Fig. 1).

For predicting v, 5 different linear models were used to pre-
dict each future horizon h, using ¢ (t+h) = > Bpmv(t—
m). An exhaustive search was performed to cross validate the
model orders my, € [2,...,8], using MAE, MSE and AJ for
each of the 5 horizons.

For each test, 100 values were generated with the AR model.
80% of values were assigned to in-sample testing, with 60
values used for training the predictor and the next 20 values
for model validation. The last 20% were used to report out-
of-sample prediction errors. The test was repeated 10 times.

Our first concern is the dimensionality reduction for © €
R40%40 The 10 largest eigenvalues hold more than 99.9% of
eigenvalue energy, thus a 4 fold order reduction is possible
using W’ € R**10 Table I shows the time required for
computation of each error measure and the value of error. It
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TABLE I
COMPARISON OF RUNTIME AND ACCURACY FOR STEP-BY-STEP
SIMULATION, FULL CLOSED FORM AND APPROXIMATED AJ.

[ Using [ Run-time (s) | Speed-up [ Measured AJ |
Simulator 1427.6640 0.0085 96.8476
Closed Form 12.1360 1.0000 96.8476
Approximated ©’ 2.4320 4.9901 96.8476
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Fig. 2. MSE vs AJ for different model orders.

is observed the proposed dimensionality reduction techniques
result in a near 5x speed-up, with less than 0.001% loss of
accuracy. Comparing run-times of Table I, an overall 587x
speed-up over a step-by-step RHC simulation is obtained. This
value is mainly due to the fact that the simulator implemen-
tation is not vectorised.

Fig. 2 compares in-sample MSE error against A.J for
different model orders. It is evident that these errors are not
strongly correlated. As a result, model selection using MSE
does not necessarily improve A.J.

Numerical results for models selected using MAE, MSE and
AJ are summarised in Table II. It can be seen that using AJ
as an error measure leads to a reduction in A.J and hence the
controller’s cost function J, compared with the standard MSE
and MAE measures.

VII. CONCLUSION

This note presented several observations regarding error
measures for LQ RHC in presence of a predictable distur-
bance. Using the techniques presented, computational costs
can be reduced, and better results obtained since, in contrast to
MSE and MAE, using AJ for model selection directly reduces
the controller’s objective function.

TABLE II
SUMMARY OF MODEL PERFORMANCES FOR OUT-SAMPLE PREDICTION
USING MAE, MSE AND AJ.

Error measure | In-sample | In-sample | Out-sample | Out-sample

for selection MSE AJ MSE AJ
MAE 32.5053 87.1546 36.2587 95.9280
MSE 32.4888 86.9027 36.3447 99.4730
AJ 32.4892 86.7015 38.0916 94.7870

APPENDIX

An implementation of the example in this paper, writ-
ten in the R programming language, is available at
http://www.ee.usyd.edu.au/cel/farzad/lgprediction.

A. Derivation of Eq. (4) (U)

Using the definitions of Section II, the system state in
presence of prediction error is obtained by

X =SgU+ ScY + ScE.

LetY =Y + E = St (Sax(0) + SqV). The solution to
U = argminJ(U,V) is given by U = HY = H(Y + E):

U
In a receding horizon control, inputs are recomputed at each
time-step, e.g., at time-step ¢,

U = Htft = H,(Yy + Ey)

where 7; € R" is constructed by accumulating previous
disturbances and inputs into the first value of Y}, the ¢th
horizon window of Y. Y, can be obtained by the affine
mapping Y; = My (1)Y.

At any time-step, 7341 can be recursively computed by
adding the observed values of z(0), v(¢) and w(¢) for ¢ < ¢,
to form the new x;11(0):

¢
Tiv1 = Yip1 + By + 071 Z A IBMy (hir, hi)Us

=0

t
=Yio1 + B + O A BMy (hog, hi) HiT,
i=0
where My is used to map the first element of U; to ¢th element
of U, to serve as the applied input control at time .
This recursive equation can be simplified to
t+1
T =) T(t+1,i)(Y; + Ey).
i=0
The final U is constructed using Mg (j) by appending first
input obtained by each U; to the jth position of U:

N—-1 N-1 N—1
U= Ma()U; = 3 Moi)H; Y. TG i)Y + E)
7=0 J=0 i=0
N—-1N-1
= Mo (5)H;T (5, 1) (My (i)Y + E;)
i=0 j=0
N—-1
=D My (@)Y + E;)
=0

B. Derivation of Eq. (5) (AJ)

Let U, = U —U* = ®F the difference of the optimal input
and applied input due to prediction error. The cost difference
between minimum cost using U* and the cost with prediction
error using U is given by

AJ=JU)—-JU)
=U"JAU +2UJgY — U*T JuU* — 2U*JpY
=ULJaU, +2UF (Ja¥y + JB)Y.
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